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Introduction 


This class will follow the textbook “Differential Forms,” published by World Scientific and authored by Professor 
Guillemin and Peter Haine. We can reach out at vwg@math.mit.edu or stop by room 2-270 with any questions — 
regular office hours will be Mondays and Wednesdays from 1-2pm. 

The prerequisites for the course are 18.100B or 18.901, and (not necessary but helpful) 18.101. And background 
in linear algebra (18.700 or helpfully 18.702) will be very essential — many of the concepts in the theory of differential 
forms are basically linear algebra in various aspects. For now, we won't have any exams, and grading will be done using 


biweekly problem sets. Hopefully, a grader will be recruited for the course who will also hold regular office hours. 


1 January 31, 2022 


We'll begin with a simplistic description of what differential forms look like, looking at a few concrete examples that 


occur in multivariable calculus (though they aren't called differential forms in that context): 


Example 1 


Line integrals of the form te f, dx, +fodxo+fkdx3 for functions f,, fo, fg in the three variables x;,, xo, x3, where ¥ Is a 


curve in 3D space, are differential forms. Similarly, surface integrals of the form iE f, dxXodx3+ fodx,dx3+fg3dx, dx3 
with respect to some compact surface S are differential forms, and so are volume integrals ie f dx, dx2dx3 over 


some domain D. 


We should be familiar already with how we compute such integrals, but one question we can ask is what the 
integrands in these expressions mean intrinsically. In a similar vein, we may remember expressions like grad, curl, 
and + from vector calculus — we may want to ask how to naturally generalize such operations to n-dimensional space, 
without having to explicitly write down complicated expressions. And that’s going to lead us to the study of differential 
forms, but we'll start by thinking about multilinear algebra explicitly. (We'll want to generalize these notions when 


we extend our definitions later, so it's good to have everything in one place.) 


Definition 2 


A vector space V over R is a set with two basic operations (v, w) +» v + w (vector addition) and (x, v) + xv 


(scalar multiplication) for any v, w € V and x € R, containing a zero vector, additive inverses, and also satisfying 


commutativity and associativity of addition, distributivity, x,(xov) = (x,X2)v, and lv = v. 


Definition 3 
A set of vectors v1,--- ,V, Span a vector space V if every v € V can be written as v = Cyvyy +--+ + CyV, for 


some cj,--: ,C, € R, and it is linearly independent if whenever c,v, +--- + CyV, = 0, we have cy,--: ,C, = 0. 


If Vj,--+ , Vp is both linearly independent and spanning, then we call the set a basis. 


Fact 4 
For any finite-dimensional vector space, there always exists a basis (in other words, the definitions above are 


legitimate). 


Remark 5. The first week or two of the class will revolve around a lot of linear algebra, and we'll be exclusively 
discussing finite-dimensional vector spaces (so we don’t need to worry about any nuances with infinite-dimensional 


spaces). 


Definition 6 


A subset W C V is a subspace of V if it is closed under addition and scalar multiplication. 


Definition 7 

Let V and W be two vector spaces. A map A: Vy, > W 1s a linear mapping if for all v1, v2 € Vy and cy, co ER, 
we have A(c1V1 + CovV2) = c,A(V1) + CoA(v2). The kernel of A is the set ker A = {v € V1 : Av = O}, and the 
image of A is the set mA = {we W: w=Av for some v € Vy}. 


We can verify that ker A and Im A are subspaces of V; and W, respectively, and we also have the elementary result 
dim ker A+ dimImA = dimV,. And we also have a more concrete way of writing down what A looks like when V and 
W are finite-dimensional: if we let v1,--- , V_ be a basis of V and let wj,--- ,Wm be a basis of W, then we can write 
Av; = >> ajw; for some constants a; € R, and then the matrix formed by these ajjs gives us a matrix representation 


of the linear map A. 


Remark 8. The convention is often to use Av; = >> ajjwj; instead to define the matrix of A, but we'll use this definition 


for consistency with the book. 


Fact 9 
The map between linear maps and matrices is a bijective correspondence, so we can use matricial identities to 


learn a lot of facts about linear maps. In particular, any map defined by a matrix A = [aj] is a linear map. 


Definition 10 


Let V be a vector space. A bilinear form is a map B : V x V > R which is bilinear in each variable, meaning that 


B( cv, + Coo, V) = 4 B( Wy, v) + C2B(v2, v) and similar in the other variable. 


We can refer to Chapter 1 of the textbook for more linear algebra details if we'd like, but we'll finish this lecture 


with a few other useful definitions: 


Definition 11 
Let W be a subspace of a vector space V. A subset of the form v+ W = {v+w: we€W} is called a W-coset 


of V. 


In particular, note that two W-cosets v; + W and vo + W are either the same set or completely disjoint, so that 


V is a disjoint union of its W-cosets. Thus, we can make the following definition: 


Definition 12 


Let W be a subspace of a vector V. Then V/W is the set of W-cosets of V. 


It’s left as an exercise for us to check that V/W is indeed a vector space (meaning that it satisfies the axioms of 
Definition 2), under the addition operation (vw, +W) + (v2 +W) = (w+ vo) +W. 


2 February 2, 2022 


Last time, we did a review of linear algebra — in particular, for a subspace W of a vector space V, we defined the 
W-coset v+W = {v+w: w € W} for any v € V, and we mentioned that v,; +W and vo +W are always disjoint or 
identical, so that V can always be written as a disjoint union of its W/-cosets. 

We also mentioned that this set of cosets itself has a vector space structure: we can define a quotient space V/W 
of the set of W-cosets, with addition given by (vi +W) + (v2 +W) = (w+ v2) + W and scalar multiplication given 
by c(v+W) =cv+W. (Then the zero vector is 0-+W = W itself, and we can check that all of the axioms of a 
vector space are satisfied.) We then have dimV/W = dim V — dimW whenever V is finite-dimensional. 

Finally, we also discussed the concept of functoriality: suppose V and U are two finite-dimensional vector spaces, 
and A: V > Uisa linear map. If W = ker A, then we get an injective linear map V/W — U, given by v+ W +> Av. 
Also, for any subspace W of V, the projection map 7: V — V/W maps any v € V to the corresponding coset v + W. 

We can now turn to the topic of today’s lecture, tensors. Before we get to those definitions, we'll need to discuss 


a few more important linear algebra notions: 


Definition 13 


Let V be an n-dimensional vector space. The dual space of V, denoted V*, is the set of linear maps {2: V > 


R, @ linear}. 


If we let €1,--- , €, be a basis of V, then we can consider the corresponding dual basis e[,--- , e7, where e* is the 


linear map that sends e; to 1 and all of the other es to 0: in other words, 


V=ae,+---+a,e, => Cv=a4j. 


Proposition 14 


These maps e* form a basis of V*, so choosing a basis for V automatically gives a basis for V*. 


Proof. To show that the e*s span V*, suppose we have some linear map £ € V* in the dual space. Then we can define 


a, = €(e,), and we can write our map as the linear combination £= 5° a,e*, since 


£(e;) = 63 aves) (e) = y; aye, €) = 4. 


To show independence, suppose some map )> a,e% is the zero map. Then 0 = 06 = (3° a,e%) e; = aj, So all a; must 


be zero. 


With this, if we have a linear map A: V — W, we can always define a linear map A* : W* > V* in the following 
way: for any 2 € W* (meaning that @ is a linear map W — R), we define A*£ to be the map V > R which applies A 


and then @ to any vector in v. 


To understand what this looks like more concretely, we can think about this in terms of coordinates: let e1,--- , Gn 
be a basis of V, and let f,,--- , fm be a basis of W. Then we can characterize A with the numbers aj; given by 
Ae; = » ajif. 
If we define ef,--- , e, and f*, f* to be the dual bases of V* and W*, we now wish to check that 


a an _p* 
Att, =) aye; - 


This is left as an exercise to us, but essentially we should use the fact that A*f*(e;) = f*Ae;. And what this tells us 


is that if [ajj] is the matrix for the map A, then its transpose [a,;] is the matrix for the map A*. 


Problem 15 
Show that the double dual of V satisfies (V*)* = V. (As a hint, for any v € V, we can define the map 


uy(2) = e(v), and that will give us a way to map the two spaces to each other. 


Problem 16 
Let W be a subspace of the vector space V, and let W+ be the set of 2 € V* such that £(w) = 0 for all w EW. 
Show that W+ is a subspace of V* and that (V/W)* =W4. 


We can now think about functoriality in this context: if A: V > W is a linear map, and A* : W* -— V* is its dual 
map, then we claim that 
ker A* = (ImA)+, Im A* = (ker A)*. 


Definition 17 
Let V* denote the k-fold product Vx V x --- x V. A map T : V‘ > R is linear in its ith slot if for any fixed 
vectors Vi,°°* , Vi-1, Vitis ++ Vn, the map v > T(V4,°°° , Via, V, Vita. °** » Vp) iS a linear map. T is a k-tensor if 


it is linear in all k slots. Let L*(V) denote the set of k-tensors. 


We can define a vector space structure on £L*(V) as follows: if we have two k-tensors T, : Vk > Rand T2:V* >R, 


then we can check that c, 7, + C2T2 also gives us a valid k-tensor (by checking linearity in each slot). 


Example 18 
A 1-tensor is a map from V > R, so £1(V) = V*. Meanwhile, a 2-tensor is a map V x V > R, so £2(V) is the 


set of bilinear forms on V. We'll use the convention that £°(V) = R for convenience. 


Definition 19 


A multi-index of length k is a sequence of integers / = (/1,--- , ix), where 1 < fy,--+ kk <n. 


In particular, for a basis €1,--- ,@, Of an n-dimensional vector space V, a k-tensor T, and a multi-index | = 
(i1,-++ , ie), we can define 
Tp T eiae er gy): 


As an exercise, we can check that these numbers (across all multi-indices /) determine the k-tensor T. 


Problem 20 
Let Z denote the set of multi-indices, and let L*(Z) be the set of maps from Z to R. Show that dim L‘(Z) = 


|Z| = n‘, and show that the map from to (Dy mapping T ++ 77, is bijective. Thus, conclude that the dimension 


of the k-tensors is dim L‘ = nk. 


We'll finish by defining the tensor product operation: 


Definition 21 
If T, € L‘(V) and To € L*(V) are two tensors, we can define the tensor product 7; ® To, a (k + £)-tensor, via 


(T1 ® T2)(V1.°++ Vere) = Tai( Vk) To(Visis:** s Vive). 


As an exercise, we should check that this is indeed a valid tensor — we'll be using it throughout this class. 


3. February 4, 2022 


Last lecture, we introduced the concept of a k-tensor, which is a map T : V“ — R which is linear in each of 
the k copies of V. (In other words, if we fix vectors vj,-++ ,Vj-1,Vi41.°°* , Vk, then for any v € V, the map v +> 
T(V.0°* Vina, V, Vig. °** Ve) is linear in v.) Recall that £‘(V) denote the set of k-tensors; this is in fact a vector 
space because any linear combination of k-tensors is itself a k-tensor. 

In our definitions last time, we also introduced multi-index notation: a multi-index of length k is some sequence 
| = (uy,-+- , Ux) of integers 1 < u; <n, and we can define a k-tensor using a multi-index description by defining the 
numbers 7; = T(€u,; €us,°** » @u,) for each /. Those numbers then give us, by linearity, a concrete description of the 


: k 
k-tensor: as we'll describe later, if vi = )0i_, aije;, then we have 


T(M,0°° VK) = So aT , 
| 


We'll spend today discussing some more algebraic properties of these k-tensors. Recall that given two tensors Ty € 
L(V) and Tz € £L'2(V), we can define the tensor product 7, @ Tz € Lt+”(V) via 


Ty @ Ta(Vt, Vanes s Vigthe) = Ta(Vas s+ Vig) To(Vin tte Vint he) 
It's left as an exercise to use to check this is a valid tensor, and we can also verify some other properties of this product 
operation: 


1. (Associativity) For any three tensors 7;, To, T3, we have (T, ® T2) ® T3 = T, @ (To ® Tz), so we do not need 


to worry about parentheses when doing tensor product computations. 


2. (Left and right distributivity) For any two tensors T;, 72 € £L™ of the same order and any 73 € L, we have 
(T1 + To) @ T3 = 71 ® T3 + To @ Ts, as well as 73 @ (71 + To) = 73 @ 71 + 73 @ Th. 


Note that we do not have commutativity (that is, 7; @ To = T2@7;) in general. But still, being able to take these 


kinds of products allows us to consider an important special class of tensors: 


Definition 22 
For all 1 <i <k, let 2; € V* be linear maps. Then 2; @--- @ £, is a decomposable k-tensor. 


Theorem 23 


Let e,,--- , én bea basis of a (finite-dimensional) vector space V, and let ef,--- , es be the corresponding dual basis. 


Let / = (uy,-+- , Ux) be an arbitrary multi-index of indices. Then the (decomposable) k-tensors ef = e7, @---@ ej, 
form a basis of L*(V). 


Proof sketch. This is essentially a reformulation of the boxed equation T(v1,--- , VK) = wy, a;T; from above. For 
any k-tensor V and any vw,--- , Vk satisfying vj = a aye, If we define a) = atu, -** Aaku,, then plugging in the v; 


expressions and using linearity of the tensor gives us 


T(Vase++ Ve) = So aT, 


so we've written our tensor T as a linear combination of these T;s. From here, it just remains to show that the T;s 


are linearly independent, which will be left for us to show. 


Being able to uniquely express T as linear combinations of tensors of the form e7, @--- @ e}, will be useful for 


computations in the future! 


4 February 7, 2022 


We'll discuss the theory of permutations today as they relate to some of the linear algebra objects that we've been 


studying in this class: 


Definition 24 
A permutation of order k is a bijective map o : {1,2,--- ,k} > {1,2,---,k}. The set of all permutations of 


order k is denoted S,. 


This set of permutations has a natural group structure, because bijective maps can be composed and inverted: if 
o,T are elements of S,, then o7 is the permutation that sends / to o(T(/)). (We can then check the group axioms 


ourselves from here as an exercise.) 


Definition 25 


Let 1 <1,j < k. The transposition permutation 7;; is the map sending / to J, / to /, and fixing all other integers. 


It is a fact (that we might learn in an abstract algebra class) that every permutation is a finite product of trans- 


positions — this can be proved by induction. 


Definition 26 


The elementary transpositions are the transposition permutations of the form 7;,+1. 


It turns out that we can also write every transposition as a finite product of elementary permutations — this is 


again proved by induction. Essentially, notice that 7),i42 = 7j+1,/427),i417i+1,i42, and then 7; 43 = 7)+2,/437),i+2T7)+2,143 


(from which we can substitute in the expression for 7;,;42), and so on. Thus, combining these two facts gives us the 


important result: 


Proposition 27 


Every transposition is a finite product of elementary transpositions. 


Definition 28 
Let x,,--- ,X, be coordinate functions on R”, and let o € S, be a permutation. The sign of the permutation o, 
denoted (—1)°, is given by 
[i<j Xoti) = Xow) 
Ticjxi — xj) 


(a 


Notice that each set of indices {/,/} will show up in both the numerator and denominator in some order, so the 


right-hand side will just be one of +1. 


Lemma 29 


If 7 is any transposition permutation, then (—1)7 = —1. 


(This is easily verified by plugging the form of T back into the formula.) 


Lemma 30 


If o, 7 € Sp, are two permutations, then (—1)°7 = (—1)?(-1)”. 


Proof. Plugging into the formula, we have 


[i<j Xor(i) = Xor(i) 


== [Ticji — x) 


We can rewrite this product as 
_ Niger = ory igi = rw) 
High — rw) Hig x — x) 


so that the second factor is (—1)" by definition. But now replacing i and j with 7(/) and T(J) in the numerator 


and denominator is essentially a relabeling of the indices (alternatively, a reordering of the terms in the product). So 


Tigi Xoci#) ~Xoit# . 
ae e") “eU") and these products each sum over each unordered pair 
Tigi 4 -%#) 


i#, j* exactly once, so this fraction is exactly the definition of (—1)%. This finishes the proof. 


replacing i# = 7(/) will make the first term 


Corollary 31 
If o € Sy is a product of k transpositions, then (—1)° = (—1)k. 


Definition 32 
Let T € L‘(V) be a k-tensor, and let o € Sx. We define T® to be the k-tensor such that 


T°(u, ane, Vk) — T(Ve-1(1); ene! Vo-1(k))- 


(The reasons for using the inverse permutation will become clear soon.) 


Example 33 
Let 2,;,--- ,2€ V* be linear maps, and let T be the decomposable k-tensor 2; ®---@&,. Then T? = 


£o(1)lo(2) °° £o(k)- 


Proposition 34 
Let T be a k-tensor, and let o, 7 € S,. Then T°7 = (T°)7 (meaning that we apply the o permutation first to T, 


and then 7 to that result). 


Proof. By linearity, it suffices to show that this result holds for decomposable k-tensors, so we can apply Example 33 


and verify that the result holds there. 


We'll finish this lecture by introducing two important objects that we'll be using for the rest of this course: 


Definition 35 
A k-tensor T € £L*(V) is a symmetric k-tensor if for every permutation o € S,, T? = T. 


But for the theory of differential forms, the even more important object is the following: 


Definition 36 


A k-tensor T € L*(V) is an alternating k-tensor if for every permutation o € S,, T? = (-1)°T. 


These alternating k-tensors will turn out to be the basic building blocks of differential forms, and we'll be studying 


them a lot in the coming lectures. 


5 February 9, 2022 


Last lecture, we introduced some properties of permutations, which are bijective maps a: {1,--- ,k} > {1,--- , k}. 
Treating composition of these maps as multiplication, the set of permutations S, has a group structure (where the 


! of a permutation a is the inverse map). 


inverse o~ 
A very relevant property of permutations is their sign, which is either 1 or —1 and is given by the definition 


(-1)? = [Tie “cw *e) In particular, if we take a k-tensor T € L(V), we defined the k-tensor T? given by 


Xji—Xj 
T° (v4, Voy 5 Vk) = T(Vg-1(4): Vo-l(2)1°0 04 Vo-1(k))s 


and we said that a k-tensor is alternating if 77 = (—1)°T (and symmetric if T° = 7) for all permutations 0 € S*. 
These definitions become more clear if we look at the decomposable tensors of the form T = £; @ fp @---@ &x (where 
£is are linear maps) — for such tensors, we have T7 = £5(1) @ £5(2) ® +++ @ Lo(4)._ Looking at such decomposable 
k-tensors, which form a basis of all k-tensors, allows us to prove that TT) = (Fe), 

We'll let S‘(V) denote the space of symmetric k-tensors, and we'll let A*(V) denote the space of alternating k- 
tensors. The latter set will be essential for the theory of differential forms, and here we'll describe a way of constructing 


such alternating tensors: 


Definition 37 


Let T € L*(V) be an arbitrary tensor. The alternation operation is defined via 


Alt(T) = $0 (-1)'T". 


TES, 


Proposition 38 


The facts below follow from definitions and properties of the sign of a permutation: 
1. For any T € L‘(V), we have Alt(T) € AX(V). 
2. For any o € Sx, we have Alt(7?) = (—1)° Alt(7). 


3. If T € Alt(T), then Alt(T) = KIT. 


We will now construct a basis for AK(V). First, let e1,--- , €n be a basis of V, and let ef, --- , e* be the corresponding 
dual basis of V*. For any multi-index / = (i,..., ix), we define ef = e @::-® a and we may recall from previous 


lectures that these e* form a basis of L*(V). Given this fact, we now define 
o; = Alt(e;) 


for all multi-indices /; because the e/ form a basis and Alt Is surjective, we know that the @)s span AX(V). But to 


avoid having linear dependence, we need to restrict the set of /s that we use: 


Definition 39 


A multi-index / is strictly increasing if i, <p <---<f. 


Theorem 40 


The set {@, : / strictly increasing} is a basis for the set of alternating k-tensors A(V). 


Beginning of the proof. First of all, call a multi-index / repeating if i, = i; for some r # s. Notice that ¢,; = 0 for 
any repeating multi-index / — we can see this by breaking S, up into the two cosets formed by the subgroup {1, o;s}, 


or equivalently saying that 7; = T;’"*, so that 
Alt(T;) = Alt(77"") = — Alt(7;) => Alt(7;) = 0. 


Thus we do not want to include @, for repeating /. Now if we consider a non-repeating multi-index /, let (in, in. °°> Ay) 
be the reordering of the indices of / so that mn < tf <--- < rm, and let o € S, be the permutation that takes i 
to j;,, then /% is strictly increasing, and Alt(ej,) = (—1)° Alt(ey) (because (e7)? = ef). Thus any ¢; is +0 for 


some increasing multi-index /°, so the set of @; formed by just the increasing multi-indices / also spans the whole set 
Ak(V*). The rest of the proof will be shown next time! 


6 February 11, 2022 


Our first homework assignment will be on Canvas today, and it will be due two weeks from today. 


First, let’s do some review. We've been studying the “permuted” versions of tensors in the last few lectures: for 
any tensor T € L*(V) and any permutation o € S,, we define T? via T?(v1,-+* , Vk) = T(Vo-1(1)1 °° + Vo-2(K))- (This 
definition is motivated by the fact that a decomposable tensor T = £;@---@£,x becomes T? = £5(1) @- + @Lg Ky.) The 
fundamental objects important for the theory of differential forms are the alternating tensors satisfying T = (—1)°T° 
(or equivalently T° = (—1)°T) — we can construct the tensor 

Alt(T?) = S° (-1)°T?. 
oES, 
It turns out that Alt is a surjective map from L‘(V) to AK(V), and Alt(T) = kK!T if T is an alternating tensor. It then 


makes sense to ask about the kernel of the map Alt: 


Definition 41 


A decomposable k-tensor T = £2, ®--- @ £, is redundant if 2, = 2-41. The linear span of all redundant k-tensors 


is denoted Z* (elements of Z* will be called redundant as well). 


Proposition 42 
If T € Z*, then Alt(T) = 0. 


Proof. Suppose T = 2; @--- @ £x is decomposable with é, = é-41. Let o be the transposition permutation swapping 
rand r+1, so that 
Alt(T) = Alt(T?) = (—1)° Alt(T) = — Alt(7), 


so that Alt(T) = 0. Since these redundant tensors span Z*, Alt(T) = 0 for any element of Z*. 


We aim to show that these redundant k-tensors span the kernel of Alt, which is the converse result. This is 
essentially showing the other part of the theorem from last lecture, but first, we mention some important preliminary 


results: 


Lemma 43 
If Ty and To are elements of Z’(V) and Z*(V), respectively, then 7, @ Ta and Tz @ Ty are element sof Z’**(V). 


Proof. \t suffices to consider the case where 7; and 7T> are both decomposable redundant k-tensors, so that 7; has 


some repeat £; = £;41. Then whether we are tensoring 7; ® To or Tz ® Ty, we will have two adjacent slots where the 


linear maps are the same (either @; = £41 or 0:45 = €j1541, respectively). 


Lemma 44 


If T € LE(V) and o € Sx, then T =(—-1)°T° +T’ for some T’ € ZX. 


Proof. By linearity, it suffices to show the result when T is decomposable. Let T = 2; ®---@ £,. We know that any 
permutation o can be written as a product of elementary transpositions of the form 7; = 0j,;41; If we consider the 


case where o Is a single transposition 7;, then 


THT? =2,8--- @ (6 @ bin + bi41 @ L)) @ ++ @ Ly. 


10 


But this right-hand side is in the linear span of redundant decomposable tensors, because 


(£; @ lini + €i41 @ &;) = (Gj + bi41) @ (6; + bi41) — 2 @ bi — bins @ Siar. 


Thus T + T? is in Z‘, and because (—1)? = —1 in this case that’s exactly what we want to show. 
From here, we use induction: suppose a is a product of the form 7,72...Tm—1, and we know that T — (—1)°T? 


is in ZK. Then by the inductive hypothesis we have (abusing notation a little here) 
Tray S-i rss, 


and again applying the inductive hypothesis we get 


=(-1f (“19 f+ 0 =CD" Ter, 


showing the desired result. 


Corollary 45 


For all T € L*(V), we have 


1 
T= 


pi Alt(T) +! 


for some | € T*(V). 


Proof. By Lemma 44, we have 
Alt(T) = $0(-1)°T? = S(-1)"(-1)°T + So 
oO Oo 
for some S, € Z* for each o € Sx. Since (—1)?(—1)° = 1, this simplifies to 


Alt(T) = kIT + 5° So. 


Dividing through by k! and rearranging gives the result — because each Sz is in Z*, so is their average. 


That finally gives us the result about the kernel of the map Alt: 


Corollary 46 
For any k-tensor T, if Alt(T) = 0, then T € Z*. Also, any k-tensor T can be uniquely written as T = T’ + S’, 


where T’ is alternating and S’ is redundant. 


Proof. The first part follows by setting Alt(7) = 0 in Corollary 45. For the second part, suppose we have T = 
T’ +S! = Ti + S{, where T’, T{ are alternating and S’, S{ are redundant. Taking Alt of both sides, we find that 
Alt(T) = k!T’ = kIT], so T’ = Tj and thus S’ = Sj. 


We thus can think of alternating k-tensors as a quotient space, and that will be foundational for our future study. 


7 February 14, 2022 


Last time, we introduced the set of redundant k-tensors TK(V), which are the linear span of the decomposable k- 
tensors £; @--- @ x with £; = @;41 for some /. We then proved that if T is redundant, then Alt(7) = 0, and in fact 


11 


T*(V) is the kernel of the map Alt : £L‘(V) > AK(V). 


This allows us to make the definition of the most important object of the class: 


Definition 47 


The space of exterior k-forms on a vector space V is the quotient space AX(V*) = L‘(V)/ZK(V). 


In particular, here we're making use of the exact sequence 
(ar Vian Oo Avy) =o 
(where exactness follows from the result we showed last lecture). And furthermore, we now get a natural bijection 


AK(V*) > A*(V), 


where the idea is that the two descriptions of the same object (either as a quotient space, or as a subspace) can be 
useful in conjunction. (Since we're looking at the space of tensors over V*, we can imagine these spaces as being 


spanned by v;, ®--- @ v;,, where the v;,s are now basis elements of the original space V.) 


Definition 48 
Let m : L(V) > L*(V)/Z*K(V) = A‘(V*) be the natural projection map. The wedge product operation is 


defined as follows: for w; € AM (V*) and wo € A%(V*), pick some T; € L“(V) so that 1(7;) = w;. Then define 
W1 A Wo = 1(Ty ® To). 


This definition basically tells us to go back into the full space of k-tensors and do a tensor product there, so that 
the wedge product Is a “factored version” of the tensor product. We can check that this is well-defined — in particular, 
if we have 7, or Ts redundant, then 7; ® T> Is redundant, so that after quotienting out we'll still have 0. Thus our 


choice of 7; (which is up to a redundant tensor defined) will not change the end result (7, @ To). 


Definition 49 
Let V be an n-dimensional vector space, and let T € £*(V). The interior product operation is defined as follows: 


for v EV, ty(T) is the (k — 1)-tensor given by 


k 
EP (Vine Ve) — So(-1) 17 (u, PT iri Ma ety a Ve—1)- 


fh 


We'll talk more about this next time! 


8 February 16, 2022 


Last time, we wrote down the short exact sequence 


03 kv) 3 £k(v) 3 ARV) 3 0, 


which is basically a cleaner way of explaining that Z* is the kernel of the Alt map £L*(V) > A*(V). This enabled us 
to define the space of exterior k-forms AX(V*) = L*(V)/Z*(V), in such a way that we have a bijective map between 
AK(V*) and AX(V). From there, the projection operation L‘(V) > L‘(V)/Z*(V) = A*(V*) (which we can think 
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about as basically applying Alt) allows us to define the wedge product: if w; € A"(V*) and wo € A%(V*), then 
we can pick Ty € L“(V) and To € L(V) such that 7(71) = w1 and m(T2) = we (this is always possible because the 
projection map is onto). Then wy A w2 = 1(7T, ® T2), and we mentioned last time that this indeed well-defined. 


We can now turn to considerations of functoriality: 


Definition 50 


If we have a linear map A: V + W between vector spaces, then we also get a linear map A* : L‘(W) > LK(V), 


given by the pullback operation: for any k-tensor T € L*‘(W), we have 


AXT (V1,°°+ VK) = T(Avy, +++, Avg). 


In particular, we can check that if T € ZX(W), then A*T € Z*(V) (start with a decomposable k-tensor, noticing 


that if 2- = @-41, then A*é, = A*é,41), and we can also verify the relation 
A*(T, @ Tz) = A*(T1) @ A* (To). 
Thus, we can also define an induced map on the quotient spaces 
At: LK(W)/T*K(W) > LE(V)/T*(V), 
and therefore this pullback operation takes a linear map A: V — W and gives us a map 
A* : AK(W*) > AK(V). 


(The reason we write A*(V) instead of A‘(V*) here is that it’s more in line with the naturality of quotienting by 
the kernel and ending up with the image, but it’s essentially the same thing.) In particular, bringing our definitions 
together, we find that for w; € A“(V*) and wo € A%(V*), we have 


A* (wi A W2) = Aw, A Aws, 


and thus in the special case where we're wedging together linear maps, we get 


AXE A+++ A bx) = Ab A+ A ALK 


(we'll be using this a lot throughout the rest of the course!). With this in mind, we can apply our discussion to the 


notion of a determinant from linear algebra: 


Proposition 51 

Let V,W be two n-dimensional vector spaces, and let e],--- ,é, and f,--- , f, be bases of V and W, respectively 
with corresponding dual bases ej,--- ,e, and f,---, ff. Let A: V — W be a linear map with corresponding 
matrix [aj] with respect to these bases, so that Ae; = > aif; and A*f* = 7 aye*. Then 


AMA A AR) SHAR A AA KS = 6 a1j€) Ars A (© anise), = So at aan +++ Anne), 


* — ot at... at 
where e7 = ee. ee 


In particular, for any repeating multi-index J, e) = 0, and for any non-repeating multi-index, there is a permutation 


o € S, such that o(/) = j for all i, meaning that ej = (—1)"ef A--- A e%. And thus, our familiar above reduces to 
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something more familiar, since we have a summation of the form 


So (-1)? arf an, Ci NG AAC: 


Corollary 52 


For any linear map A: V > W, we have 


A’(fi A+++ A fr) = (detA)ef A--- Ae. 


This functoriality allows us to prove some nice results from linear algebra without needing too much computation: 
for example, we can see quickly that det(AB) = det(A) det(B), using that 


det(AB)w = (AB)*w = B*(A*w) = B* (det A- w) = det AB*(w) = det(A) det(B)w. 


We can also see that the identity map A : V + V has det(A) = 1, and that whenever A : V — V is not onto, 
det(A) = 0 


9 February 18, 2022 


Fact 53 
We're assigned to read Section 1.9 and Section 2.1 of the textbook on our own over the weekend, which essentially 


covers the concepts of orientations, vector fields, and 1-forms. But we'll mention a few of the facts here: 


Definition 54 
Let £ be a line through the origin in R?. Then £— {0} has two connected components, and an orientation of £ is 


a choice of one of these two components. 


(This is equivalent to essentially choosing a direction for the line.) We also have a natural generalization of this 


which will connect back to the material in the class: 


Definition 55 

Let L be a one-dimensional vector space. Then L—{0} has two components; specifically, if we fix some v € L—{0}, 
we have the component L* = {Av : \ > Of} and L~ = {Av :: A < O}. An orientation of L is a choice of either 
[Le toy (k= 


Even more generally, if V is an n-dimensional vector space, an orientation of V is an orientation of the space 


AP(V). If (e1,--+ , €n) form an ordered basis of V, then the basis is said to be positively oriented if e, A--- A e, 


is in the positive part of A’(V). 


(Note that the dimension of the space AK(V) is (7), so A”(V) indeed has dimension (?) = 1.) 
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Proposition 56 


Let V be an n-dimensional vector space, and let W C V be a k-dimensional subspace. If we are given orientations 


on V and W, then there is a natural orientation of the quotient space V/W given as follows: choose an oriented 


basis v1,--- , Vj of V such that the first k of these vectors form an oriented basis of W. Then we can orient V/W 


by projecting the remaining n — k vectors onto V/W. 


With that, we'll start making a few remarks that will start us on the next section of the class next week (Chapter 


2 of the book). The idea is that Section 2.1 looks at simple but pivotal objects in the study of differential forms. 


Definition 57 
Let p € R" bea point. The tangent space at p, denoted 7,(IR”), is the set 


Tp(R") = {(p,v) :v € RB}. 


The point p can be called a base point. 


We can form the obvious vector space structure on T,(IR"), keeping the same base point, via 
(p, V1) + (Pp, v2) = (Pp, vi + v2), = A(p, Vv) = (p, Av). 
The idea is to think of v as an arrow originating from p and pointing in the direction of v. 


Definition 58 


Let U be an open subset of R”. A vector field v on U is a function which assigns to each point p € Ua 


corresponding v(p) € Tp(U) = Tp(R"). A one-form on U is a function which assigns to each point p € U an 
element w(p) € 73(R"). 


Starting next week, we'll talk more about these definitions, generalize to k-forms, and get into the main topic of 


this course! 


10 February 22, 2022 


Today, we'll fully begin discussing the concept of differential forms. Last lecture, we introduced the concept of a 
tangent space (the set of pairs (p, v) for some fixed p € R”) — we convert this to a vector space by using the usual 


vector space structure on R” through v, keeping the base point p fixed: 


(p, V1) + (Pp, V2) = (P, V1 + V2), ACP, Vv) = (p, Av). 


We can now think about functoriality in the following way: suppose we have open sets U,V € R”, R™ and we have 


a C™ (smooth) map @: U > V. Then we can define the derivative map Dd¢(r) : R" > R” encoded by the matrix 


[34(r)]. This leads us to the base pointed version of the derivative definition: 
J 
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Definition 59 
Let 6: UV bea C™ map, and let q = ¢(p). The map (d¢), between tangent spaces T,U — T,V is given by 


(d¢)p(p, v) = (4, Dd(p)(v)). 


In other words, we map the base point to the new base point, and we apply the derivative map to the vector v. 
One result from calculus is the familiar chain rule: if W is additionally an open set in R® and pw: V 4 W isa C® map, 


then we know that 


(dw ° d)p = dq ° dp. 


Definition 60 


The cotangent space to U at p is the vector space dual of the corresponding tangent space: 


T5U = (TpU)*. 


In particular, if f € C°(U) is a smooth real-valued function, p € U is some point, and u = f(p). Then we can 


think of f as a map (U, p) > (R,u). Taking its derivative, we then know that df, isa map 7,U > T,R=R, so it’s 


fundamentally an element of the cotangent space: | df, € Tu : 


Problem 61 
Let x1,--- ,X, be coordinate functions on UC R”. Then (dx1)p,--- , (dXn)p form a basis of the cotangent space 
1. 

p 


This basis can be described in an alternative way as well: if we let e; be the standard basis vector with a 1 in the 


ith spot and Os in the others, and we use the notation 


0 
(=) : (p,6;) € T,U, 


then these elements form a basis of Tp, and then (dx;)p is the corresponding dual basis on TU. 


We can now return to the definitions of vector fields and one-forms that we started last lecture: recall that a 


vector field is a map v : U + 7,U, and we can write that as 
v(p) = (2, w(p)) 
for some map v: U > R”. 


Example 62 
Let e; again be the standard basis vectors. Then the vector field p++ (p, e;) is denoted z. Since (2) = (p, 6) 
1 1 p 


form a basis for T,U, we can write every vector field as 


vip) = oA) (=) v= Dig. 


for real-valued functions (the coefficients for our basis vectors) fj. 
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Definition 63 


A vector field v is C° if v is C®, or equivalently if the corresponding f;s are functions in C*°(U). 


The duals to these vector fields are the one-forms: as we defined last time, a one-form is functions u which send 
points p € U to elements of 75U. In particular, if f € C™°(U) is a smooth function, then df is the one-form on U 
mapping 

df : p++ dfp. 
The coordinate functions x,,--- , xX, on U then give us one-forms dx1,--- , dX;. Since we've shown that these are basis 


elements of 7; U, we find that every one-form u on U can be written uniquely as 
u=fidx,+---+ frdXxp 
for some real-valued functions f, : U > R. 


Definition 64 


A one-form is C° if the corresponding fs are C® functions. The space of C® one-forms is denoted 1(U). 


Example 65 
If f € C*(U) is any smooth function, then the one-form df defined above is C°°. Indeed, as we might expect, 
df => Ze dx. 


We'll finish this lecture by defining the pullback operation on one-forms: 


Definition 66 
Let U € R" and V € R™ be open sets, and let f : VU -> V be a C® map. Then given a one-form v on V, we can 


define the one-form fF via 
f;(p) = (dfp)"v(F(p)), 


where (df,)* : TjV — TU is the map we defined earlier as being given by the transpose of df, : Tp»U > TgV. 


Problem 67 
Suppose y1,°-: , Ym are the standard coordinates on V, and fj = fy. Then any C® one-form on V of the form 


v = ¥~ ajdy; has corresponding pullback f*v = >> f*ajdfi, so that f*v is a C® one-form if v is. 


In particular, f* isa map Q1(V) + Q2(U). 


11 February 23, 2022 


Fact 68 


Our last lecture was just yesterday, and today’s lecture is a lot of review of that material (because of the new 


definitions). 
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Last lecture, we made a lot of important definitions relevant to our eventual introduction of differential forms. 
Specifically, we discussed the tangent space 7,U of a point p in an open set U, and we mentioned that when we have 
a smooth map f : U — W between open sets, we can also define a base-pointed version of the differential map Df(p), 
which we call df, (this just maps base point p to the new base point f(p) and applies Df to the “tangent” vector v). 
We then have a chain rule (which is essentially a matrix multiplication statement) for these base-pointed differential 
maps, given by 

(dgof)p =dgq° dfp. 


We next defined the dual space 75U; specifically, base-pointed differential maps df, can be thought of as maps 
(U, p) > (IR, g) = R, which are linear maps on the tangent space and thus elements of that dual space. And with all 
of these new vector spaces, we can construct associated linear bases: for example, the (dx;)p for 1 <i <n forma 
basis of Ty if we're in n-dimensional space, and the dual basis of 7,U consists of the elements (&), = (p, e;) for 
1<i<n. 


Remark 69. The reason for the definition (2) = (p, e)) is essentially that an element (p,v) of the tangent space 
'/ p 


encodes a vector v rooted at p, so a vector pointed in the e; direction is inherently connected to the notion of taking 


the derivative along the x; coordinate. 


Additionally, we defined one-forms, which are maps from U to T;U (assigning to each point p a corresponding 


element Up € T,U). Today, we'll start by discussing operations that we can do on these one-forms: 
1. If uy, Up are one-forms on U, then uy + up is the one-form u such that u(p) = u1(p) + uo(p) for all p € U. 


2. If u is a one-form on U and @ € C™(U) is a smooth function, then gu is the one-form such that (£u)(p) = 


@(p)u(p) for all p. (But we cannot just multiply two one-forms together because u(p) is not a number.) 


3. If p € C™(U) is a smooth function, then we can define the one-form dp which sends p++ dpp. In particular, 
each coordinate function x; is a smooth function, so dx; (for 1 < i < n) are all one-forms, and in fact every 
one-form is “locally” a linear combination of this nature: we have a class of C® one-forms, denoted Q1(U), given 
by 

u= idx, +--+ + bndXxn 
for some $; € C°(U) (and more generally, every one-form is of this form but for arbitrary real-valued functions 
¢;). In particular, Q?(U) is closed under the first two operations of addition and multiplication by @. 

The last object that we defined last lecture is the pullback operation: if we have a smooth map U — V, then we 

get a corresponding map f* : Q1(V) 3 Q1(U) mapping one-forms via v + f*v. Specifically (changing the notation 
slightly from last lecture), we have 


(F*v)p = (dfp)*Vq, 


where (as usual) g = f(p). As mentioned last time, one way to understand why this pullback operation is defined in 
this way is that if v = dx; and our smooth function is f = (f,,--- , fm), then f*dx; = df;. (And more generally, if v is 
a C™ one-form and f is a smooth mapping, then f*v is also a C® one-form.) 

We'll finish this lecture by reviewing a few operations on vector fields, analogous to the ones on one-forms before: 


if v1, V2 are vector fields (maps U > 7,U), then we can define v1 + v2 by pointwise addition 


(vy + v2)(p) = vi(P) + va(p). 


We can also define multiplication by a smooth function 6: VR 
ov(P) = $(p)v(p). 
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Finally, the objects 2 are vector fields on U which send p to (2) , and all vector fields are linear combinations of 
‘7 p 


Oxj 
these fundamental vector fields of the form ; 

v= = Pi 
In particular, if @; are C°° functions, then we call v a C° vector field. 
12 February 28, 2022 


(Friday's class did not occur because of a snow day, so we're having that lecture instead.) We'll discuss the theory of 


integral curves of vector fields today. 


Definition 70 


Let U be an open set in R”, and let v be a vector field on U. A function ¥ : (a, b) > U is an integral curve of v 


if for all a< t < b, if we define p = y(t), we have 


vio) = (2, Lee). 


More explicitly, if our curve is written out as y(t) = (0% (t),--- ,xXn(t)), then this equation has the more explicit 
form r 
Xi 
—(t) = vi(x(t)), 
S(t) = w(x(t)) 
where we're writing out our vector field explicitly as v = >> Vig: With this, we can do some basic ODE theory. We'll 


start by citing some relevant local results: 


Fact 71 (Existence of integral curves) 
Let v be a vector field, and let pp € U and a€ R. Then there exists an interval / = (a—€,a+e) for some e > 0, 


an open set Up C U containing po, and a C® map F : Up x | — U, such that yp(t) is an integral curve of v. 


Fact 72 (Uniqueness of integral curves) 
Suppose 1 : /; > U and Yo : 2 + U are two integral curves of v. Then if 71(to) = Yo(to) for some t € 11.9 bo, 
then y(t) = Yo(t) for all t € 1, Is, and patching the two curves 


Vit) edie 
Yoliele tS do, 


¥(t) = 


also results in an integral curve of v. 


Fact 73 


If we let / = (a, b) and |. = (a—c,b-—c), then given an integral curve y(t) : | + U, we also have the integral 


curve y(t+c): lo 3 U. 


There are also some relevant global results: 
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Definition 74 


A vector field v on U is complete if for every p € U, there exists an integral curve Yp(t) : R — U such that 


Yp(0) = p, and the map F : U x (—oo, co)  U defined by F(p, t) = yp(t) is a C°° map. 


In other words, there Is an integral curve of v going through any point p in our open set which exists for all time. 
(And these notions will come up when we generalize from Euclidean space to manifolds as well.) This means that the 
map f : U > U defined by #.(p) = F(t, p) is a C® map. Furthermore, fo is the identity map on U, and fof; = fira 
(so that f; and f_z are inverses). While this condition looks strong, it turns out that there is a large collection of 


vector fields which satisfy this property: 


Definition 75 
A vector field v = > Vite on U is compactly supported if v; € Cg°(U) for all /. 


Proposition 76 


If a vector field v is compactly supported, then v is complete. 


Proof sketch. Suppose we have v(po) = 0. Then the curve Yo(t) = po for t € R (not to be confused with the y(t) 
maps above) satisfies 

0 =“ yo(t) = v(0o), 
SO Yo is an integral curve for v and is the unique integral curve through the point po. Now defining the set A= {p € 
U: v(p) = O}, for any p € A, the ODE uniqueness tells us that the unique integral curve of v through p is the constant 
curve Yo(t) = Po. 


Definition 77 


If an integral curve y on [0, 7) cannot be extended to a larger interval [0, 71), then it is maximal. 


We claim that if yp)(t) is maximal, then T = oo. Indeed, if p € A and 4,(t) € A for all O < t < T, then 
Yp(t) + q € Aas t approaches T because of compactness of A. Then using local existence at uniqueness at q, 


we can show that p(t) can be extended to an interval 0 < t < T +€ (so we can always extend if T is finite). In 


particular, yp(t) is well-defined for —oo < t < 0 and 0 < t < ow, and we've shown completeness. 


Definition 78 
A function @ € C®%(U) is an integral of motion for the dynamical system generated by a vector field v if for every 


integral curve y(t), we have £(¥(t)) = 0. 


Theorem 79 


A necessary and sufficient condition for @ to have this property is that the Lie derivative of ¢ is Lyé = 0. 


Proof. We have 4 
ge X12), = (ade (g76(0)) = (48)ov(A) = 0 


by the definition of an integral of motion. 
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Proposition 80 


Suppose ¢ is proper (meaning that preimages of compact sets are compact). Then ¢ 1([—a, a]) is compact for 


allaeR. 


We can prove this by noting that if (y(t)) is constant for a < t < b, then y(t) can’t go off to co as t > aor 
t— b. 


Example 81 


Let U = R?, and let v = xia — xa be our integral curve. We can check that the function $(x1, xo) = G + xe 
Oxy 


is an integral of motion for v, so v is complete. 


Next lecture, we'll connect this back to our definition of differential forms and the definition of the space A*(V). 


13. March 2, 2022 


We'll start by reviewing some material from previous lectures about the exterior algebra: recall that if C*(V) is 
the space of k-tensors on V, and Z*(V) is the space of redundant k-tensors, spanned by elements 2; @ --- @ &x 
where £; = £;41, we can define the space Ak(V*) = L*(V)/Z*(V). Then because the tensor product of redundant 
k-tensors is itself redundant, we can also define the wedge product operation as follows: letting 7, be the projection 
LK LK(V)/T*(V), it is well-defined to let the wedge product of w, = 1,71 and W2 = ™%;,T2 be 


Wy A\ Wo = Why +tko (Th ® To) = MO); 


In particular, if €1,--- ,£, form a basis of V*, then the wedge products w; = @;, A £,--- A @;, with increasing indices 
iy < ip <+++ < ik form a basis of AX(V*), and the dimension of AX(V*) is (7) (so A*(V*) = 0 for k > n). 


Fact 82 


We will set A°(V*) = R for convention, and this is consistent with having an (a = 1-dimensional vector space. 


Today, we'll now connect this back to the definition of k-forms and differential forms. If we let U C R” be an open 


subset and p € U be a point, recall that the tangent space of U is the set of points {(p,v):v € R"}. 


Definition 83 


A k-form on an open set U C R” is a “function” A, which assigns to each p € U an element Wp € amu, 


Example 84 
If W1,--* , Wx are 1-forms on U, then for any p € U, wi(p) € TFU, so wi(p) A---Awx(p) € AX(TZU). Therefore, 
Wy A+++AW x is a k-form on U, assigning p € U to wi(p) A--+ A wx(p). 


Example 85 
If f € C~(U) are smooth functions, then df; is a 1-form for each 1 <i < k, so dfi A---A df is a k-form. More 


specifically, letting / = (41,--- , «) be a multi-index of length k, we can define dx; = dx;, \--- A dXx;,. 
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Since (dx1)p,--+ , (dXn)p form a basis of the cotangent space 75 U, we find that the elements 
(dx))p = (dXi,)p A+: A (dX, )p, I << Ip ans < Ik 


form a basis for the Ath exterior power of the cotangent space, AMT SU). Therefore, given any k-form w on U, we 


can write 


Wp = >> fi(p) dx, 
/ 


where the sum / goes over increasing multi-indices / and f;(p) are each real numbers. Therefore, we are really saying 


w= S° fidx), 
| 


where f; : U — R is a function mapping each p € U to ff(p). 


that the k-form can be represented as 


Remark 86. As a check, notice that if | = (i,--- , i) is a repeating multi-index with i, = i-41, then (dxi,)p A+++ A 
(dX;,)p = 0 for all p, and thus dx, = 0. On the other hand, for any non-repeating multi-index |, 1° is strictly increasing 
for some permutation o, and then (dx;)p = (—1)°(dxj-)p so we do not need to include the non-increasing dx;s in our 


sum for w. (This is why our sum only needs to go over increasing multi-indices. ) 


Definition 87 
With the notation above, a k-form w is C® if the fy’s are each in C°(U), and we let Q*(U) denote the space 


(linear span) of C°®° k-forms on U. 


We can now take our discussion above about the wedge product into consideration: 


Definition 88 
Let wy € Q"(U) and wz € Q”(U). The wedge product w; A Az is the (k, + k2)-form which sends p € U to 
wi (p) A wa(p) € Q+"(U). 


We can verify from the definition directly that the wedge product is indeed C®°. This is one of the two fundamental 
operations that we'll be using for k-forms, and the other we'll now discuss (the d— operation). We define 2°(U) = 


C~°(U), and we'll start by considering a 0-form f (which is just a function). Motivated by the differential statement 


we make the following definition: 


Definition 89 


For a general k-form uniquely written as w = >>, f;dx; (with sum over increasing multi-indices /), we define 


du = S~ df, A dx. 


We are now ready to discuss a few important properties based on these definitions: 
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Theorem 90 


We have the following properties of k-forms: 


1. For wy, w2 € Q*K(U), we have d(w, + w2) = dw, + dwy. 


2. For wy € 21(U) and wo € 22(U), d(wy A we) = dwy A we + (-1)"w1 A dwo. 


3. For any k-form w, we have d(dw) = 0. 


Looking back at Remark 86, we're saying that permutations do not really cause us issues up to a sign, and in fact 
for all multi-indices / we have 
d(f, A dx;) = df, A dx. 


To prove (2), notice that for f, g € C™(U), we can use the product rule to find the special result for one-forms 


Of ; Og 
d(fg)=9)_ x dx +f S— ae dx; d(fg) = gdf + fdg. 
More generally, if we take wy = fydx, € Q"(U) and w2 = gydxy € Q(U), we find that 
d(wi Awe) = d(figu)dx; A dxy, 


and then using that product rule above gives us point (2) from the theorem. 


14. March 4, 2022 


Fact 91 


Because Wednesday's lecture covered a lot of material, most of this class is review of that content. 


We'll start today’s lecture by reviewing the interior product operation from a few lectures ago in the context of 
the exterior algebra: recall that for any v € V and any w = £; A--- A £y € AK(V*), we can define the interior product 


L(v)w, an element of A*k-1(V*), via 
u(vyw = S0(- 1) 14 (vbr Ae Abra A beg A bees 
r=1 


and one fact we can prove as an exercise is that L(v)l(v)w = 0 for any v. 

Last lecture, we also defined k-forms, which take in a point p € U C R" and output an element of NUT RU). 
(In particular, the wedge product of k 1-forms on U is a k-form, and those are easy to think about because 1-forms 
assign to each point p € U an element wp € TRU). Specifically, if w; = df, for C™ functions fj, we get k-forms that 
look like df, A--- A df,, and more specifically, we can define the k-forms dx; = dx; A--- A dx;, for any multi-index 
| = (i1,+++ 4x). And last time, we described that because (dx;), form a basis for the cotangent space TU, the (dx/), 
for increasing / form a basis for A*(T;}), meaning any k-form sends p to some Wp = >> fi(p)dx;, and thus w = >> fidx, 
for some functions f,: UR. 

From here, we can add k-forms W 1, W2 together to get another k-form w,-+W2, and we can wedge any kj-form wy 
and kp-form wy» together (by sending p to w1(p) A We(p) — this gives us a C™ (ky + ko)-form as long as W1, W2 were 


Cc). And we also have the important d operation, motivated by df =}; aa from calculus (taking a 0-form f to a 
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1-form): we have 


w= > fidx, = du = N° df, A dx). 
| / 


The important properties of this d operation are then that d(w 1 +W2) = dw; + dw2, d(dw) = 0, and also that 
d(wy A W2) = dwy A w2 + (—-1)"w1 A dwr. 


In particular, because dxjz = (—1)°dx;, combining this fact with the “product rule” above tells us that d(f,dx;) = 
df, \ dx; for all multi-indices /, which will make later calculations easier. And we can check that dd = 0 by looking at 


k-forms of the form wfdx; and plugging in 
ddw = d(df, A dx) = d(df,) A dx, — df, A d(dx;), 


and noticing that d(df;) = 0 and d(dx,;) = 0 (left as an exercise by writing out the double sum and thinking about 


reversing the indices in the sum). 
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Last time, we started by talking about the interior product operation, sending a k-form w € A‘(V*) to a (k — 1)-form 
u(v)w € Ak-1(V*): by linearity we can just consider the action on w = £; A--- A x for £; € V*, and we have 


k 
u(v)w = S> ((=1)14-(v)) a Av Abra A br Ao A Mk. 


r=1 


We'll mention a few more properties of that operation today: notice from the definition that v(v)w is linear in both 
v and in w, and also for any one-form w, we have e(v)w = w(v) € R. Additionally, connected to the fact that 
L(v)L(v)w = 0 for any v, we also have t(v1)L(v2)w = —L(v2)L(v1)w. Finally, combining the properties of the interior 


and wedge product gives us (again being careful about the sign change) 
U(v) (wy A W2) = L(v)Wy A We + (—1)*wy A U(v) wo. 


We'll now generalize this definition to vector fields: 


Definition 92 
Let U C R" be an open set, v a vector field on U, and w € Q*(U) a differential k-form. Define L(v)w to be the 


differential (k — 1)-form given by 


(L(V)W)p = L(Vp wp. 


(It’s left as an exercise for us to check that if v is a C® vector field, and w € Q*(U), then v(v)w is indeed in 
Qk-1(U).) Our properties from before now generalize — in particular, linearity in v and w of the interior product 


operation imply that for any k-forms w 4, Wo 
U(v) (wy + We) = U(v)w1 + LU(V)Wo, (v4 + vo)W = L(v1)W + L(v2)u, 
and the wedge product identity also gives us (for any k,-form w , and ko-form w2) 


L(V) (Wy A We) = L(v)Wy A We + (—1)"wz A L(v)wo. 
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Also, we still have e(v)e(v)w = 0 and thus u(v)e(w)w = —L(w)e(v)w like before. And finally, we can write out the 
interior product operation more explicitly as 
k 
U(v)(dx;, A---A dx;,) = S0(-1) 1 vedxi, A+++ A dXiy_, A AX, A AX, 
é=1 
(where vz is the £th coordinate of the vector field, and it outputs a number if we evaluate it at a point p € U). 


We're now ready to talk about a more complicated operation on forms: 


Definition 93 


Let w € QO*(U), and let v be a C® vector field. The Lie differentiation operation is defined via 


Lyw = U(v)dw + d(u(v)w). 


Proposition 94 


This Lie differentiation operation commutes with the d operation: 
Ly dw = dLyw. 
Additionally, when interacting with the wedge product, we have 


Ly (wy iN W2) = Ly Wy /\ Wo + Wy A Ly Wo. 


Proof. For the first property, note that (by definition) 

Lydw = u(v)ddw + di(v)dw, 
while 

d(Lyw) = di(v)dw + ddt(v)w. 


But the terms with dd now vanish (because applying the d operation twice gives us 0), and thus the two terms are 
indeed both equal (to di(v)dw). The second property is left as an exercise to us, but we can use the fact that by 
definition, 

Lywy A Wo = di(v)(wi A We) + e(v)d(wi A w2) 


and now simplifying with properties of d and v gives us 


= (du(v)wy) A we) + (—1)kwy A di(v)w2 + u(v) (dw, A we + (—1)*w A dwo). 


We're now going to turn to the divergence formula. Notice that for any vector field which we write in the form 
v=) ies we have 
Ly dx = di(v)dx; + u(v)ddx; = dyj. 


In other words, if we have specifically an n-form w = dx, A--- A dxn, we find that 


Ly = So dx A+++ A dxj-1 A Ly dxi A dXi41 N+ A Xp. 
i 
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Now because Ly dx; = dv; and dv; = | a dX, and notice that dx; \ dx; = 0 for / € /, meaning all of the contribution 


to the blue term that is not from dx; goes away. So in fact our expression simplifies to 


Ov; 
Lyw = ax A+++ A dxj-1A Bx ON dXj41 A+++ A dXp, 
I 


and thus we can understand the action of the Lie differentiation operation as it connects to calculus: 
Ov; 
Lyw = — }w\, 


and this term in parentheses is the divergence of the vector field v which we might remember from calculus. 


We'll finish this lecture by starting to look again at functorial properties of differential forms (and continue this 
next time): recall from early on in 18.952 that for any linear map A: Wy — W» of vector spaces, we get the dual map 
A* : W3 > W;. Recall that we get a linear map A* : AK(W3) > AK(W) as well, with the additional properties that 
(this is how we can define the map) 

A* (wi A We) = AXw A A*w, 


and for any linear map B : W2 > W3 we also get 
(BA)*w = A*B*w. 


We can now generalize this by letting U be an open set in IR” and V an open set in R™: for any map f : U > V such 
that p++ q, we get the map df, : Tp>U — T,V and also the corresponding dual map df} : M (TEV) > AMCTSU). The 


assertion is now that for any w € Q*(V), we have an element wg € AX(T3V), and then we can define the “pullback” 
(f°W)p = (dfp)"wa, 


allowing us to define the k-form f*w. In particular, we have f*d@ = df*@ for any @ € C™®(V), and for coordinates 
X1,"** ,X_, and a function f = (f,,--- , f,), we have f*dx; = df; (so that the pullback of a general k-form S¢ a;dx;, A 


--- A dx;, is obtained by replacing a; with f*a; and dx;, with dfi,). But we'll talk more about this next time! 
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Last lecture, we generalized the interior product operation to vector fields: for a C° vector field on U and a differential 
k-form w € Q*(U), we get the differential (k — 1)-form u(v)w defined as 


(L(V)W)p = L(Vp wp, 


where recall that wp, is an element of AK(TZU) and vp is an element of 7,U (so that this interior product makes sense). 


We also introduced the Lie differentiation operation 
Lyw = U(v)dw+ di(v)w, 


and we can also consider the following alternate definition: 
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Definition 95 
Suppose f, : U — U is a one-parameter group of diffeomorphisms generated by a complete vector field v, meaning 
that we have paths yp for each p € U satisfying yp(t) = f:(p). (Recall that then in fact yp is the unique integral 


curve of v satisfying Yo(p) = p.) Then we can also define Lie differentiation via 


d * 
es — are on 


Proposition 96 


With the definition above, we also have (for all time ft) 


d 
ae fiw = festLyw. 


Proof. We have (by change of variables in ordinary calculus) 


d 


BS d ok 
qi = qq tere) 


s=0 


and because we have a one-parameter group, we can rewrite this as 


d * * 
= Ge (frWo FW) <0: 


and pulling out the f* and applying the definition gives us what we want. 


Thus, the relation for the Lie derivative can be written 


d 
qe = ff (U(v)dw + di(v)w) = Fiu(v)dw + dffw, 


which we will define to be 
dQiwt+Qidw, Q:= ffi(v)w. 


If we then integrate this equation from a to b, we find that 
few = fw = Q,pdw asta: 
where Qap is the integral of Q; from ato b. This motivates the following definition: 


Definition 97 
Suppose wy, W2 € Q*(U) are differential k-forms on U, and suppose they are closed (meaning that dw; = 0 and 


dwz = 0). Then w, and wz are cohomologous, denoted wy ~ wo, if wy — w2 = du for some u € Q*-1(U). 


In particular, the calculation above for f*w — fw shows the following result: 


Theorem 98 


Suppose w € Q*(U) is a closed k-form. Then ftw ~ fw for all a, b. 


Since fo is always the identity map in a one-parameter family, this tells us that 


fxw —w = dQpw 


27 


for Op = One: In other words, the pullback operation does not change the “cohomology class” — the difference between 
w and fw is d of some differential form. 

We'll now move on to the integration operation in the theory of differential forms. Recall that for any n- 
dimensional vector space, the nth exterior power of V, A"(V*), is a one-dimensional space, so A”(V*) — {0} has two 
components, and an orientation of V is the choice of one of these two components which we denote A”(V*), (the 
other is then denoted A”(V*)_). Furthermore, if we let vj,--- , V_ be a basis of V and vz,--- , v; be the dual basis, 


then (v1,--: , Vn) is positively oriented if vi A---A vz is in A°(V*), and negatively oriented otherwise. 


Definition 99 


Let A: V > W bea bijective linear map between n-dimensional vector spaces. Then A is orientation-preserving 


if A* : A"(W*) + AP(V*) maps A"(W*)4 onto A"(V*)4. 


This can be written more explicitly using coordinates: if (v1,--- , Vp) is a basis of V and (wy,--- , Wp) is our basis 


of W, then we can represent A with the matrix [a,j] where Av; = >>; ajjw;, and furthermore 


A’ (wi A+:-A we) = detlayjlvp A--- Avy. 


n 


We can thus say that A is orientation-preserving if det[ajj] > 0 (which might look familiar from other linear algebra 
classes we've taken). 


We can generalize these concepts to open subsets of IR” as well: 


Definition 100 
Let U be an open set in R”, and let p € U. We can orient the space 7,U by requiring that 


(xp As--Ada)s eNO) se. 


In other words, we can alternatively choose that (=) oe (=) form a positively oriented basis for T,U. 
p aD, 


Definition 101 


Suppose f : U + V is a C™ diffeomorphism between open sets U, V of R”. Then f is orientation-preserving if 


for all p € U and q= f(p), df, : Tp>U — TV is orientation-preserving. 


We can apply this to the change of variables formula from calculus: recall that for any C° diffeomorphism 


f : UV, we can make a “u-substitution” 


[oa= | f*$|det J.| dy, 
V U 


where J, denotes the Jacobian matrix. In other words, we have ie o= tei f* det J, if f is orientation-preserving, and 
we have a negative sign in that equality otherwise. We can now rewrite this standard calculus result in a nicer way: 
let f : UV bea diffeomorphism. Then if p € U and q = f(p), then 


ot) (55),- X35 (a2), 


We then get the dual result 


dfs(dx1 A+++ A dXp)p = det( Jr) p(dx1)p A+++ A (dXn)p 
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for the Jacobian matrix (Jr)p = [4(0)]. so that our change-of-variables formula now reads 


f* (dx, A+++ A dxp) = det(J¢)dx, A+++ A dXxp |. 


And next lecture, we'll see a more intrinsic version of this formula that doesn’t involve matrices at all! 


17 March 11, 2022 


Remark 102. / was not able to attend this lecture in person, so these notes are transcribed from Paige Bright and 


Jeffery Yu's class notes. 


Last lecture, we mentioned the change of variables formula from integral calculus, which states that for an 


orientation-preserving diffeomorphism f : U — V between open subsets of R” and a compactly supported differ- 


for [te 
Vv U 


We'll be proving that result next week, but we'll work on some other results towards that goal for now: 


ential form w € QK(V), we have 


Theorem 103 (Poincaré lemma for rectangles) 


Let U = I, x --- xX I, C R” be the open rectangle with /, = (a,, b,) for all r. Suppose w € QK(U). Then w is 


exact, meaning that w = dy for w € Q£-*(U), if and only if fp, w = 0. 


Proof of forward direction. By the definition of the d operation, we know that if we write ~ = ee fidx; A+++ A 
dxj-1 A dxj41 A+++ A dXp, then 


ce 1 7 Se dis A -A dXp. 
In particular, this means that if w = du, we have 
[w= f[e=f[c Ly 1 a A -A dXpy 


oe (f 5 “a dx,dxj A+++ A dxj-1 A dxXj41 A+++ A aXp 
1, 0 


= 7 (Fi(b,) — Filar)) dxrdx A= A dx A dx A A Xn 


(slightly abusing notation here because f;(b;) and fj(a-) depend on the other x; values too, but the logic still works) 


because all fs are compactly supported and thus f; vanishes on the boundary. 


For the other direction, we'll need to do some more work, but it follows directly from the following result: 


Theorem 104 
Let U C R™ be open, and let A C R be an open interval. Suppose U satisfies that for all w € Q7(U) with fu — 6), 


we have w € dQ’”-!(U). Then A x U also satisfies this condition. 


Proof. We proceed by induction on m.The base case m = 1 is where U = (a,b) C R. Indeed, if f € Cg°(A) and 
i f(t)dt = 0, then we can use the function g(x) = ic f(t)dt € C§°(U), and we indeed have dg = f (this is the 


ordinary fundamental theorem of calculus). 
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Say that an open set that satisfies the condition in this theorem satisfies CPL. We then want to prove that if U 
is CPL, then A x U is also CPL. For this, let x,,--- , x, be coordinates on U and t, x1,--+ , X, be the corresponding 


coordinates on A x U. We can then write any w € Q'*1(A x U) as 
WwW = f(x, t)dt A dx, A-+-A dxp, 


with corresponding integral fw = fy. f(x, t)dt A dx. Define 


d= f(x, t)dt | dx, 
eon 


so that fon W = fon f(x, t)dt = Jpn. dx (in other words, integrate out the variable t in advance). Then if fw = 0, then 
{9 =0 as well. So now suppose U is CPL (as we have in our assumption), so that 6 = dv for some v € Q2-1(U). Let 
p € C™(R) be a bump function (in particular, compactly supported) on A, such that Ee = 1. Defining K = pdt Av, 
we then have 

dK =pdtAdv=p(t)dtAé, 


so that 
w—dv=dtA (v—p(t)@) = dt A u(x, t)dxy A+++ A dxp-1, 


where we define the function 


u(x, t) = f(x, t) — a(t) | f(x, t)dt. 
A 
In particular, because p integrates out to 1, we find that fu(x, t)dt = 0. So for our interval A = (a, b), if we define 
t 
v(x, t) = u(x, s)ds, 
a 


we'll have v € C§°(U x A) and Oyv = u by the ordinary fundamental theorem of calculus. We're now ready to finish: 
letting @ = v(x, t)dx, A+++ A dXp_1, we then have that 


do=dtA u(x, t)dxy A+++ A dxp_-1 =w— dK, 


so that w = d(¢@— K), and we've proved CPL for A x U. 


We've now proved both directions of the Poincaré lemma for rectangles, and next we'll generalize this to compactly 


supported forms on open subset of R”. 


Theorem 105 (Poincaré lemma) 


Let U be a connected open subset of IR”, and let w € 022(U) (so that the support of w is contained in U). Then 


fw =0 if and only if there is some uw € Q271(U) with w = dy. 


The backwards direction follows from the Poincaré lemma for rectangles. Indeed, if uw € OF), then the support 
of is contained within some rectangle and thus [ du = 0. 
For the forwards direction, suppose w1,W2 € Q2(U). Recall that we write wy ~ Wo if wy — Wo = du for some 


compactly supported (n — 1)-form w. It's equivalent to prove the following: 
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Theorem 106 


Let Qo C U bea rectangle, and let wo be an n-form with support contained in Qg and total integral 1. Let 


w € 2%(U) be a compactly supported n-form with support contained in U and total integral c = fu. Then we 


have W ~ CW. 


In particular, setting c = O proves the forward direction of the Poincaré lemma, since it implies that w ~ O and 


thus w = du for some wp. 


Proof. Construct a collection of rectangles Q; C U such that U is the union of the interiors of Q;. Let @; be a partition 
of unity (meaning we have compactly supported functions which in total add to the function 1 on U) such that supp(@;) 
is contained within the interior of Q; for each /. Then for large enough m, w = 4 diw by compactness, so we can 
reduce the statement to the case where we prove this result for each g@jw. In other words, it suffices to prove this 
result when the support of w is contained within the interior of some open rectangle Q;, which we call Q. 

We claim that we can connect Qo and Q with a sequence of rectangles Qo = Ro,--: , Ru+i = R such that the 


interior of any two consecutive rectangles is non-empty. Indeed, the set 
A= {x € U: there exists a sequence {Rj} with x € int(Ry+41)} 


is an open set, and its complement is also open. Thus because U is connected, U = A. Now to finish the proof, 
for each i, choose a compactly supported n-form v; contained within int(R;) M int(Ri41) such that f vj = 0. Since 
Vi — Vj41 IS Supported in int(Rj41), by the Poincaré lemma for rectangles we have vj ~ vj41. The same logic says that 


because we also have Wo ~ Vo, we have cw) ~ Cvo, and finally w ~ Cvy. Thus this chain of equivalences tells us that 


W ~ CWo, as desired, finishing the proof. 
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We'll start today by going over yesterday's proof of the Poincaré lemma in more detail. Recall that we started by 
proving the rectangle version of the lemma, which states for any open rectangle Q = /, x--- x /, and any w € OK(Q) 
(that is, w is a compactly-supported k-form), if dw = 0, then w € dQK-1(Q) (because d? = 0). And a more involved 
result is that we have Jou = 0 if and only if w is exact (meaning that w = du for some yp). 

Generalizing this to arbitrary connected open sets U C R” then involved a lemma which proved that for any 
p,q € U, we have a sequence of rectangles Q; such that Q; N Qj11 4 @, and p is in the first rectangle and q is in 
the last rectangle. We showed this by constructing the set of points qg for which this is true, mentioning that it is 
open (because there is always an neighborhood of q within a rectangle it’s contained in) and so is its complement (for 
basically the same reason — otherwise we could find arbitrarily close points to q which can be reached, meaning g can 
also be reached), so connectivity of U implies that this set of points must be all of U (since it is nonempty). 

That lemma was useful because it then allows us to repeatedly use the rectangle Poincaré lemma. Specifically, 
we are then able to prove a slight generalization of the Poincaré lemma, which is that if wo is a compactly supported 
n-form on an open rectangle Qo C U, then w ~ Cwo for c = fy w. The argument is to use compactness to break up 
w into a finite sum of forms supported on rectangles, and to note that the result we are trying to prove holds for finite 
sums if it holds for the individual parts. From there, we use our connected set of rectangles {Q;}, showing repeated 
equivalence of our n-forms by looking at compactly supported forms on the intersections Q; N Qj+1. 

As of this result, we can now talk about the change of variables formula. The version that we've already talked about 


states that if f : U — V is a diffeomorphism between connected subsets of R”, then J), f*w = fi, w if f is orientation- 
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preserving, and similar with a negative sign if f is orientation-reversing. Today, we'll replace “diffeomorphism” with a 


much weaker assumption, but first we'll review a bit of point-set topology: 


Proposition 107 


Let X, Y be topological spaces, and let f : X — Y be an arbitrary continuous map. Then if C is a compact subset 


of X, then f(C) is compact. 


The converse is not true as stated (that is, the preimage of a compact set is not always compact), but there are 


many maps for which the converse does hold: 


Definition 108 


A continuous map f : X > Y is proper if for every compact subset C, f~1(C) is compact. 


We can check that if f : X + Y and g: Y — Z are proper maps, then go f is also proper. We'll discuss proper 


maps more next lecture, but we'll connect this back to differential forms for now: 


Proposition 109 
Let f : UV bea proper map between open subsets U, V of R”. Then if w € QK(V), then f*w € QK(U). 


Proof. Let C be the support of w. Then the support of the pullback form, f*w, is contained in the preimage f—+(C), 


which is compact. 


Theorem 110 
Let U,V be open subsets of R”, and let f : U — V be a proper C® map. Then for all w € Q2(V), we have 


[fra=acate) fw. 


Here, deg(f) denotes the degree of the map f. We'll give a full definition of what it is in the proof, but provisionally 


we'll use the following definition: if we fix (forever) an Wo € Q2(V) with fi, wo = 1, then we set 


deg(f) -| f* Wo. 
U 
(This integral indeed makes sense because f*Wo is compactly supported.) 


Proof. For any w € Q2(V), define c = fiw. Then 


fw cw = fw-e [ww =c-e=0. 
V V V 


so by the Poincaré lemma, w — cwo = dy for some v € Q2-1(V). Applying the pullback map, we find that 
f*w — cf*wo = f* dv = df*y, 


and because f*v is compactly supported integrating it out over U gives us 0. Thus 


[frum ff cftu = cdeg(f) = deat) fw, 
U U " 


as desired. 
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We'll convert this wacky definition of degree into something more fundamental next time (which is essentially about 


“counting the number of points in the preimage”), instead of needing to rely on this choice of wo 
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Last time, we discussed the Poincaré lemma, which states that any compactly supported n-form w € ?2(U) ona 
connected open subset U of R” has Jy = 0 if and only if w € dQ2-1(U). We then started analyzing the connections 
of this result to the change of variables formula — in particular, if f : U > V is a proper map (meaning that preimages 


of compact sets are compact), then w € QK(V) implies that ftw € OK(U), and this allows us to use the Poincaré 


[fe=eea(ty fw. 


However, last time, we gave a sketchy definition of the degree deg(f), where we fix a compactly supported n-form wo 


lemma to prove that 


with f\,Wo = 1 and defined deg(f) = fy, f*wo. Specifically, with this definition and setting c = f\,w, we found that 
fe — CWo = 0, so that w — Cw 9 = dy for some compactly supported (n — 1)-form v. Applying the pullback map and 


integrating then gave us 
y fru f cftuy = paru= => / a cf fur = deg() [ W. 
U U V 
We can now talk more about the properties of this degree map and start doing some applications: 


Proposition 111 
Suppose U, V,W are connected open subsets of IR”, and suppose f : U > V and g: V > W are proper C™ maps. 


Then deg(g 0 f) = deg(f) deg(g). 


Proof. By functoriality, we have 


(gof)*w = f*g*w, 


so that 


deg(go jf wf (go w= [ F'gtw = deg(t) | g*w = deg fdeag fw. 
uo Jw w Vv U 


Equating the first and last expressions in this chain of equalities gives us the result. 


We'll now get this result to look more like the usual language of calculus: suppose U and V are connected 
open subsets of R”, and let f : U > V be a diffeomorphism and @ be a scalar function. Then we know that 


ty og= Te f*| det J¢|. In the language of this course, for a differential form of the form 


w = (x)dx1 A+++ A dx, 


we can then show that fw = fi, f*w = + f\,w, depending on whether f : U — V is orientation-preserving or 


orientation-reversing. Here’s that statement in alternative words: 


Proposition 112 
Let U and V be connected open subsets of R”, and let f : U-> V be a C™ diffeomorphism. Then deg(f) = 1 if 


f is orientation-preserving and —1 if orientation-reversing. 


We'll prove this topologically, but first we need preliminary results: 
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Lemma 113 
Suppose U, V,W are connected open subsets of IR”, and suppose f : U > V and g: V > W are C™ diffeomor- 


phisms. Suppose that Proposition 112 holds for both f and g. Then it also holds for go f. 


(As a hint toward proving this, fix some w € 022(W). Then because go f is also a diffeomorphism, we know that 


(gof)*w=f*gw = [ve w= | gto 


because the degrees of f and g are both +1.) We will also need the following (which we will prove as exercises): 


Lemma 114 
Let a € R”, and consider the translation map T; : x + x +a. Then Proposition 112 does indeed hold for the 


map 7T,. Also, if A: R"” — R"” Is a bijective linear map, then Proposition 112 does hold for A. 


Beginning of proof of Proposition 112. From our preliminary results, we may assume by applying translation maps 
(before and after applying f) that 0 € Uo V and that f(0) = 0. This means that df is the identity map, so we can 
then write f(x) = x + g(x), where g(0) = 0 and g’(0) =0 so that g(x) < C|x|? for some C. If we now choose 6 > 0 
so that Cd < 5, and we pick a function p(x) € C§°(IR”) such that 0 < p(x) < 1 and also satisfying 


é 
1 edict 


(x) = 
O |x| >6, 


we then have p(x)g(x) = 0 for |x| > 6, so that 


[o(x)a()1 < a(x)CAIx| < Slx| 


and p(x) = g(x) for |x| < g From here, we can look at the function f(x) = f(x) + p(x)g(x) and show that 


deg(f) = deg(f), and the remainder of the proof is topological. 
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After spring break, we'll be shifting gears from differential forms on R” to differential forms on manifolds. But for now, 
we'll focus on the concepts we've been discussing so far — recall that last time, we related the differential forms w and 
f*w via the change of variables formula, which made use of the notion of degree. Specifically, if we fix some compactly 
supported n-form wo € Q2(V) with de Wo = 1, then for any proper map f : U > V, we defined deg(f) = fe f* wo. 


The idea is that this is actually an intrinsic definition which doesn't depend on the choice of Wo: specifically, for all 


w € O2(V), we have that 
[fw=dea() fw, 
U V 


so the degree of f is indeed going to yield the same answer no matter which Wo we choose. 


Theorem 115 
Let U,V be connected open subsets of R”, and let f : U — V be a proper C® map. If f is not onto, then 


deg(f) = 0. 
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Proof. To prove this result, we'll need the following topological fact: 


Fact 116 
Let f : U + V be a proper C® map between open subsets of IR”. Then f(U) is a closed subset of V, so if f is 


not onto and q € V \ f(U), there is an open neighborhood W of q in V, such that Wn f(U) = @. 


We can then pick a compactly supported form wo € Q2(W) satisfying his Wo = 1. Applying the pullback map, we 


know that wg = 0 for all ge f(U), so0= if f*wo and thus the degree of f is zero. 


Our main goals for today’s lecture are to discuss how to compute degree geometrically and show homotopy 
invariance of degree, again showing that the degree of a map f is very topological. First, the following is an exercise 


in our textbook: 


Proposition 117 
Let U and V be open sets of R”, and let f : U > V be a proper C® map. Suppose we have some q € V and 
f~1(q) C Up for some open set Up of U. Then there exists a neighborhood Vo of g in V, such that f-+(V) C Up. 


In other words, we can expand around a given point’s preimage by an “arbitrarily small amount.” 


Definition 118 
Let f : UV bea proper C® map. A point p € U is a critical point if the map df, : Tp > Tg (where q = f(p)) 
is not bijective. Let Cy be the set of critical points, also known as the critical set; we call f(C+) the set of critical 


values. 


We may notice that C+ is closed, and if f is proper, then f(Cy) is also closed. Furthermore, the set of regular 
values Veg = V \ f(C) is open. 


Lemma 119 


For any regular value q of f, f~!(q) is a finite set. 


Proof. Since q is a regular value, any p € f~*(q) is a regular point, meaning that df, : Tp > Tq is bijective. Thus, by 
the inverse function theorem, f maps a neighborhood U, of p diffeomorphically to a neighborhood Vg of q. 

We thus know that the Ups cover f~1(q), and since f is proper, f~*(q) is compact. By compactness, we can thus 
find a finite subcover Up,,--- , Upy of f~1(q). Because we have a bijective mapping from these neighborhoods Up, 
the only point in each neighborhood U,, mapping to the point q is p; itself. Thus the preimage of q is the finite set 
Lia eG 


We can then choose the neighborhoods to be disjoint (by choosing small enough neighborhoods), so that we have 


a neighborhood Vg of q and a neighborhood U,, of each p; satisfying 
N 
FV) = U Up;, Up, Up = @ Vis,  f: Up, + Vg diffeomorphism. 
i=l 


(This is known as the stack of records theorem.) We can then finally understand another way to define the degree: 
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Theorem 120 (Degree theorem) 


Let q be a regular value of f, and let {p1,--- , pw} be its preimage. Then we have 


N 
deg(f) = SS Cine 
i=1 


where each gp, Is 1 or —1, depending on whether df,, : Tp, + Tq is orientation-preserving or orientation-reversing, 


respectively. 


Proof. Choose some Wo € 22(V) with te Wo = 1. By the definition of degree, we know that 


dealt) = [ fuo= > f f*wo. 


i Pj 


And by our work last lecture, because f : U,, — V is a diffeomorphism, each term in this sum will be 1 if f is 


orientation-preserving and —1 otherwise. 


This then connects back to Theorem 115: if f : U > V is a proper C® map and q is not in the image of f, then 
q € Cr must be a critical point. Additionally, f-1(q) will be empty and the degree of f is zero. 


We'll now move on quickly to the topic of homotopy: 


Definition 121 
Let fo, fi : U > V be proper C® maps. A homotopy between fp and f, is a C® map F : U x [0,1] > V such 
that F(x, 0) = fo(x) and F(x, 1) = f(x). If F is proper, then we call it a proper homotopy. 


(In other words, a homotopy involves continuously deforming fo into f, with a smooth map.) 


Theorem 122 


If f and f, are properly homotopic, then they have the same degree. 


Proof. Fix a compactly supported wo € Q2(V) such that f\,wo = 1. Then for each t € [0,1], deg(f) = f fiw 
depends smoothly on t, but the degree is always an integer by Theorem 120. Thus deg(f;) must be constant in t and 
deg(fo) = deg(f:). 
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We'll start by reviewing the degree theorem from before spring break, as well as the related definitions. If U and V 


are open subsets of R” and f : U > V is a proper C® map, then the degree is an invariant of the map f satisfying 


[fe =eeatt) fw 


whenever w € 22(V) (so that both f*w and w are compactly supported and we can have both integrals make sense). 
For another perspective on this degree, recall that a point q € V Is a regular value of f If df, : Tp>hU — TV is bijective 
for any p € f-1(q). (We previously mentioned Sard’s theorem, wihch states that the set of regular values forms an 


open dense subset of U.) Then for any regular value g, we proved that f—1(q) is a finite set {p1,--- , px}, and then 
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we found the formula : 
deg(f) — a Op; 
i=1 


where Op, IS 1 if df, : Tp, 4 Tq IS orientation-preserving and —1 if it is orientation-reversing (this makes sense because 
the map is basically R” — R”). So if f is not surjective, then deg(f) = 0. Finally, we discussed the homotopy 
invariance of degree, which tells us that two proper C° maps fo, fy : U > V that are homotopic also have the same 
degree (because the degree must be continuous and integer-valued). 


Today, we'll talk about some applications, starting with a familiar result: 


Theorem 123 (Fundamental theorem of algebra) 


Consider the monic polynomial p(z) = Z"+ anp_1z” ++ -+-+ a (where ao,--- , an-1 € C). The equation p(z) = 0 


has at least one complex solution z. 


Proof. Notice that p is a C° map C > C. Identify C with R? (by sending x + iy to (x, y)) and think of p as a map 
from R? to R?. Then notice that 


n-1 


|p(z)| > Izl’ +S Jaillz'L, 


i=0 


so |p(z)| > oo as |z| > 00 because the leading term here, and thus p(z) is a proper map. Now define 
p(z, t) = (1— t)z" + tp(z) 


(we can think of this as a homotopy between po(z) = z” and p(z)). Plugging in the expression for p(z), we know 
that |p(z, t)| > |z|" -— ae, |a;||z'|, so again |p(z, t)| is unbounded as |z| — oo and we have a proper homotopy 
between z” and p(z). Since the degree of Po(Z) is n, so is the degree of p(z). (This is left as an exercise for us: as 
a hint, let @ be a C5°(R) function, and consider w = (x? + y?)dxdy for calculation purposes. In polar coordinates, 
this is O(r?)rdrd@, so we can check that pgw = n?o(r?")r?2"~"drdé and fa. piw =n fa. w.) Thus the degree of p(z) 


is nonzero and p is surjective; in particular, there is at least one point where p(z) = 0. 


Theorem 124 (Brouwer fixed point theorem) 
Let B” be the unit ball {x € R”: |x| < 1}, and let S"-+ = Bd(B") be the unit (n — 1)-sphere which bounds that 


ball. If f : B" + B” isa C™® map, then there exists some xp € B” such that f(x9) = xo (that is, we always have 


a fixed point). 


Proof. Suppose for the sake of contradiction that there is no fixed point. Consider the map y : B” + S"~! defined 
in the following way: for each x € B", draw a ray originating at f(x) and pointing in the direction of x (because 
f(x) # x), and let y(x) be the point on the boundary S”~! that the ray intersects. 

Notice that (x) = x if |x| = 1, so |y(x) — x| = 0 for all x € S"~+. But because y is a C® map, it extends to 
an open subset U of B”, and for every € > 0, there is some 6 > 0 such that BY, ; D U and |y(x) — x| < € for all 
1< |x| < 1+6. If we now pick some p € C5°(Int(B?,5) such that p is identically 1 for |x| > 1, we can define the map 
4 : IR" > R” such that 

O(x)y(x) + (1 — p(x))x |x] <1 +6, 


x |x] > 14+, 


(x) = 


and consider the homotopy 
g(x, t) = t¥(x) + (1 - t)x. 
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This is a proper homotopy, so ¥(x) has the same degree as the identity map, which is 1. But ¥(x) > 1—€ everywhere, 
1 


so for any |xo| < 1 —€, ¥~* is empty, which is a contradiction with the degree being nonzero. 
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Fact 125 


As a reading assignment, we should read about the implicit function theorem in Appendix B of the textbook, 


because it will have applications to what we'll do in the coming weeks. 


We're currently transitioning from talking about differential forms on open subsets of R” to differential forms on 
manifolds — in particular, we'll soon explain what a differentiable manifold is and start exploring relevant properties. 
But today, we'll first go back to some previous topics that we've discussed, starting with some multivariable calculus 


results: 


Proposition 126 (Inverse function theorem) 
Let U and V be open subsets of IR”, and suppose f : U > V is a C™ map such that f(p) = q. If df, : TphU > TV 
is bijective, then it maps a neighborhood U, of p diffeomorphically to a neighborhood V, of gq. 


This result is actually the special case of two more general results: 


Proposition 127 (Canonical submersion theorem) 

Let k <n, and define the canonical submersion 7 : R” — R* to be the map (x1,°-+ , Xn) (%1, °°: , xq). Let U 
be an open subset of R”, and suppose f : U > R* is a C® map with f(p) = 0. If diz: pe ToR* is surjective, 
then there exists a neighborhood W of 0 in R* a neighborhood U, of U, and a diffeomorphism ¢: W — Up 
sending 0 to p such that 7 = fo@. 


Proposition 128 (Canonical immersion theorem) 

Let k <n, and define the canonical immersion z : R* — R” to be the map (%1,--+ , XK)  (X%1,°°* , Xn). Let U 
be an open neighborhood of 0 in R*, and suppose f : U > R” is a C® map with f(0) = p. If df, : ToU + T,R” 
is injective, then there exists a neighborhood W of 0 in R”, a neighborhood V, of p in IR", and a diffeomorphism 
gb: Vp + W sending p to 0 such that = dof. 


We can now turn to a study of manifolds, starting with a preliminary definition: 


Definition 129 
Let X be a subset of R”, Y be a subset of R%, and f : X > Y be a continuous map. Then f is a C® map if for 
every p € X, there exists a neighborhood U of p in RY and a C® map fo — 1 stich that flunx = flunx. 


Definition 130 


Let N>n. Aset X C R" is an n-dimensional manifold if for every p € X, there exists an open set U of R”, an 


open neighborhood V of p in R™, and a diffeomorphism @: U + VM X. (We call ¢ a parameterization of X at 
p.) 
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In other words, neighborhoods of p look locally like neighborhoods of IR”, and we'll now try to define differential 
forms on manifolds. In particular, if we let a = ¢-1(p), and we let T, : R” — R” be the translation map x 4 x+a, 
we can compose @ with T, and always assume that ¢-!(p) = 0. (In this case, we say that the parameterization is 
centered at zero.) Manifolds may seem like an abstract concept, but it’s worthwhile to think about them because 


they come up as solutions to systems of equations: 


Proposition 131 


Let U be an open subset of R™, and let f : U > R* be a C® mapping. (Recall that a point a is a regular value 


if for all p € f-1(a), df) : TphU > T,R* is surjective. If ais a regular value, then X = f—+(a) is an n-dimensional 


manifold, where n= N—k. 


In fact, many of the examples of manifolds we'll be seeing from now on are of this form X = f-1(a). 


Proof. We can replace f with f — a, so that we can assume a = O. If 0 Is a regular value of f, that means that for all 
pe f+(0), dp : Take —> ToR* is surjective. By the canonical submersion theorem, there are open neighborhoods U 
of 0 and V of P in R%, as well as a diffeomorphism ¢ : U — V satisfying 7 = f 0 ¢ (for the canonical submersion 77). 


But any x € m~1+(0) is of the form (0,-- ,0,x%41,--* ,Xw), SO @ maps a neighborhood of 0 in R” diffeomorphically 


onto a neighborhood of p € f~+(0), and thus f~1(0) is an n-dimensional manifold. 
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Last lecture, we introduced the concept of a manifold by explaining what it means to be a C°° map between subsets 
X and Y of R” and R™, namely that for every point p € X, there is a neighborhood U of p and a C*® map fF-U>R 
which agrees with f on UM X. We say that f is a diffeomorphism if it is bijective and both f and f—+ is C®, and 
that allows us to define a subset X C R” to be an n-dimensional manifold if there is a neighborhood V, around any 
point p € X such that we have a diffeomorphism ¢ (called a parameterization at p, centered at p if #(0) = p) from 
U—V,MX for some open set U of R” (so that X looks locally like an open subset of R”). 


Example 132 
The n-sphere S” C R"*!, defined as 


tee ee tee kd | 


is an n-dimensional manifold. To check this, let H;- be the set of all points (4,--- , Xn41) € S” with x; > 0 or 


x; <0, respectively. We can verify that these are open sets which cover S”, and furthermore the map H;- + R” 


sending (X1,°+* ,Xn41) to (X%1,°°° | X21, Xi44,°°* Xng1) is a diffeomorphism. So any point in S” has a neighborhood 


(one of the H*s that contains it) which looks like an open set of IR”, and we can choose our parameterization 


to be the inverse of one of the H*s. 


Example 133 
Let X; C R™ be C© manifolds of dimension n; for 1 < i < k. Then the product manifold X, x --- x X, isa 


manifold of dimension n = ny +---+ nx, because any point in the manifold is of the form p = (p1,--- , Px) where 


pi € R™. Each of these p;s come along with a neighborhood Vp,, a subset U; of R™, and a map ¢j : Uj 4 Vo, NX, 


and then we can check that the product map (@1,--- ,@x) is a parameterization of the product manifold at p. 
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Last time, we mentioned that one important source of manifolds is the following: if U is an open subset of R, 
f : U — RK is a C® map, and a € RX is a regular value, then X = f~1(a) is an n-dimensional manifold. (As an 
example of this, if we let f : R’*+ > R be the map f(x1,--+ , Xn¢1) = Xf H+ + X24,, then DF(x) = 2(x1, +++ , X41). 
1 is then a regular value, and f-1(1) is an n-dimensional manifold, namely S”. We'll now see a more substantial 


example: 


Example 134 


Let Mnxn be the set of all n x n real-valued matrices [ajj], and let Spxn be the set of symmetric n x n real-valued 


matrices (satisfying aj = aj for all /,/). We can verify that Max, = R”™ and that there is a natural map 


@: Maxn + Snxn given by ¢(A) = ATA. Then because / is a regular value of 6, @~!(/,) is a manifold, namely 


the set of orthogonal n x n matrices (satisfying A’ A = /). 


Example 135 

Let G(k,n) be the set of all symmetric matrices P € Spy, such that the rank of P is k (the image of the linear 
mapping has dimension k) and P? = P. We can show that G(n, k) is a k(n — k)-dimensional manifold using the 
methods from above, known as the Grassmannian (we can think of it as the set of k-dimensional linear subspaces 
of R"). 


(This will likely be on our next, and possibly last, homework assignment.) From here, we can now move on and 


generalize the notion of a tangent space that we introduced originally on R”: 


Proposition 136 

Let X C R” be a k-dimensional manifold, let p be a point in X, and let W be a neighborhood of p in R™. Suppose 
¢:U3V=WnNnX isa parameterization of X centered at p (for some open set U of R*). If we think of ¢ asa 
ce map of U into W, then its derivative d¢p : ToU + T,W is injective. 


Proof. By definition, there is a C°° extension y : W — U of ¢71, such that da, 0 do is the identity map, which can 


only happen if d@p is injective. 


Definition 137 
With the notation in the result above, we let the tangent space of p at X be 7,X = |Im(ddo). 


Proposition 138 


The tangent space 7,X has an intrinsic definition not dependent on the particular choice of @. 


Proof. \f @, : Uy + VY, and 2 : Us — V2 are two parameterizations centered at p, replacing Vj, V2 by V = VW, VW and 
replacing U;, Us by ¢, *(V) allows us to assume that ¢, : U; — V and do : Up > V are both diffeomorphisms. Then 
we have a diffeomorphism wy = 5° 0 ¢1. Since (ddb1)o and (dd2)o are injective and (dw)o is bijective, the images of 
(d¢1)o and (d¢2)o must be the same (since they have the same dimension, and if (d¢1)o = (dd2)o o (dy)o then the 
image of (d¢1)po is contained in the image of (d¢2)o). 


We'll finish by mentioning a functoriality property for T,X: if X C R™ and Y C Ré are C® manifolds, and 
f:X —Y isa C™® map sending p to q, then df, : T,X — TY Is well-defined. But we'll talk more about this next 


time! 
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Last time, we introduced the concept of a tangent space on a manifold. Specifically, recall that a manifold X C R% 
is a set that comes with a parameterization centered at p (for any p € X), in which we take a neighborhood U of 0 in 
IR” and a neighborhood W of p in R™, and we have a diffeomorphism @: U > WX sending 0 to p. In particular, if 
we think of ¢ actually as a C° map from U to W (which contains WM xX), the map dg¢o : ToU > Tp W (this maps 
an n-dimensional space to an N-dimensional space) is injective. (The proof of this was that because @ was originally 
a diffeomorphism from U to Wn X, it has a C® inverse map w which extends to some open neighborhood W’ of p. 
Then using W/W instead of W, the chain rule on Euclidean space tells us dap 0 d¢o = id, which implies that d¢o 
is injective.) We then proved that this gives us an intrinsic definition T,X = Im(ddo). 

We'll now explore the functoriality concepts that we started discussing at the very end of last lecture. In particular, 
let X be a submanifold of R™ (that is, a manifold in R™) and Y be a submanifold of R™. If we have a C® map 


X — Y sending p to q, then we can define the derivative of f at p, df, : TpX — TgY in two different ways: 


Definition 139 
Taking the notation above, suppose W is a neighborhood of p in R™, and g: W > R™ is a C® map such that 


f =g restricted to X NW. Then df, is defined to be dg, restricted to T,X. 


This definition makes sense intuitively (we look at derivatives on Euclidean space instead of on the manifold), but 


it depends on the choice of the function g. So we can try something else: 


Definition 140 
Again with the notation above, let ¢, : Uy; — VY and ¢2 : U2 — Vs» be parameterizations of X and Y centered 
at p and gq, respectively. Without loss of generality, assume V, C f ~+(V2) (otherwise we can just make 4 


smaller because ¢, is a diffeomorphism). Then df, is the the map that completes the following diagram, where 


Yo = $57 Of ody: 


(Es la 


(ats)o] ice 


ig eee ye 


Unfortunately, this definition may look like it instead depends on the extension mappings ¢; and ¢@o. So we'll 


reconcile that with the following diagram and the use of the 18.101 chain rule on fod, =fo0 Wo: 


TW > TaR 


(as)o] [toa 


ToU; ns To U2 


In particular, the tangent space T,X of an n-dimensional manifold X is n-dimensional. As an exercise, we can now 
prove the chain rule on manifolds, which says that if f, : X1 — Xo and f : Xo 4 X3 are C™ maps on manifolds and 
f,(p1) = Po, then 

(dfo oft), = (dha) p. © (df) p.- 


An application of the chain rule is the following: 
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Proposition 141 


Recall that for a map U > V between open sets of R™ and RX, and for a regular value g € V of f, X = f-*(q) 


is an n-dimensional manifold, where N = N —k. Then T,X is the kernel of the map df, : T,>U > TV. 


Proof. Let W be a neighborhood of p in R%, such that 6: U ~ WX is a parameterization of X centered at p. 
Then fo @ ts the constant map U + X > q, so df, 0 dgp = 0. But because d¢@o maps ToU bijectively to T,X, TpX 


must be a subset of the kernel of df,. On the other hand, Im(df,) is k-dimensional, so the kernel of df; must be 


(N — k = n)-dimensional. Since T,X is n-dimensional, this means the kernel of df, must coincide with it. 


Next time, we'll talk more about the canonical immersion and submersion theorems and generalize them to mani- 
folds! 
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We've now spent a few lectures understanding the notation and relevant definitions behind manifolds X, maps X > Y 
between them, and their tangent spaces 7,X. Last time, for a C° map f : X — Y sending p to q, we defined the 
derivative map df, at p between tangent spaces T,X — TgY in two ways, either extending f to an open subset of 
IR™: (the Euclidean space that X lives in) and using the Euclidean space definition of df,, or by making use of the 
parameterizations U; — WN X and Uz + W2NY that come along with the manifolds X and Y and defining df, in 
terms of the corresponding dw) map from the map on the Euclidean subsets w : U; — Up. It can be shown that these 
definitions are both legitimate and coincide with each other (though as a sidenote, the second definition works even if 
we have manifolds that aren't subsets of IR” for some n), so that we have a valid definition of the derivative df, and 
thus of the map df. In particular, we also have a chain rule just like for ordinary Euclidean space. 


Today, we'll show that our results about differential forms on Euclidean space apply for manifolds too. 


Theorem 142 (Inverse function theorem for manifolds) 


Let X and Y be n-dimensional manifolds, and let f : X + Y be a C° map sending p to q. If dfp : TpX — TY Is 
bijective, then f maps a neighborhood U, of p diffeomorphically onto a neighborhood Vg of q in Y. 


We may recall from a few lectures ago that we also stated the canonical submersion and canonical immersion 
theorem for open subsets of IR”, and there are analogous versions of those too. But because the canonical submersion 
(for example) is defined from IR” — RX (for k < n) as sending (x,,--+ , Xp) to (x1,-++ , Xx), we're going to need to do 


that “submersion” on the open sets U coming with the parameterizations: 


Theorem 143 (Canonical submersion theorem for manifolds) 

Let X and Y be manifolds such that f : X — Y is a C° map sending p to q. If df, : TpX — TgY Is surjective, 
then there exist neighborhoods U, and Vg of p and q in X and Y, respectively, and parameterizations @: U > U, 
sending 0 to p and w: V — V4 sending 0 to q, such that f(U,) C Vg and the following commutative diagram is 


followed, with bottom arrow being the canonical submersion: 


ay: 


6] lv 


U > V 
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In other words, every submersion looks locally like the canonical submersion. A similar property holds for the 


canonical immersion & : (x1, +++, XK (X%1, 5+ XK, 0,+-+ , 0): 


Theorem 144 (Canonical immersion theorem for manifolds) 
Let X and Y be manifolds such that f : X — Y is a C° map sending p to q. If df, : TpX — TY is injective, 
then there exist neighborhoods U, and V, of p and q in X and Y, respectively, and parameterizations @ : U > U, 


sending 0 to p and pw: V + VJ sending 0 to q, such that f(U,) C Vg and the following commutative diagram is 


followed, with bottom arrow being the canonical immersion: 


7 


o] |v 


U —> V 


We may read the proofs on our own, but the idea is to choose coordinates so that the manifolds actually become 
locally open subsets of Euclidean space and applying the canonical submersion and immersion theorems that we've 
already seen. (And we should note that these are local results — everything here has to do with picking a particular 


point p and q.) 


26 April 8, 2022 


We'll start to talk about differential forms on manifolds today — just like on Euclidean space, if X is an n-dimensional 
manifold, recall that we can define the tangent space 7,X at any point p € X. We can then define the analogous 


cotangent (dual) space TX, and we can define A(T EX) in the same way using the standard linear algebra techniques. 


Definition 145 


Let X be a manifold. A k-form on X is a “function” w which takes in a point p € X and produces an element 


re Ce) 


Many of the properties of k-forms that we've already studied still hold — we'll talk first about functoriality. If X , and 
Xp are manifolds, and f : X; + Xz is a C® map sending p; to po, then we have a mapping df : Tp,X1 — Tp,Xo2, and 
accordingly we get a transpose (pullback) map (df,)* : AK(T,X2) 4 AX(T,.X1). Extending this pullback operation to 


all points p, we find that given any k-form w on X2, we can define a k-form f*wW2 on Xj via 
(f*W)p, = dfy. Wp, 

We also have the usual “chain rule:” if X1 “ Xo = X3 is a sequence of maps between manifolds, we then have 
(fo fi)*w = fr Fw. 


We may recall that we like to restrict our attention to C® k-forms when we first studied everything over Euclidean 


space, and that will be relevant here as well: 
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Definition 146 
Let w be a k-form on X. Then w is C® if for every p € X, there exists a parameterization @: U > VOX (for 


U,V open subsets of Euclidean space) such that ¢*w restricted to X is a C™ k-form on U. The space of C® 
k-forms on X is denoted Q*(X). 


In particular, if w is a C° k-form, then f*w is also a C® k-form. We do need to show that this definition is 
independent of ¢, but this is true because if we have diffeomorphisms $1 : Uy > VM X and ¢2 : U2 > VOX, then 
p= is” og, Is a diffeomorphism as well, and dw = W* Swe (so djw is C™ if and only if d5w is). 

Returning to operations on k-forms, just like over Euclidean space, if we have wy 1,W2 € OFX), then their sum 
W 1 + Wz (defined pointwise) is also in Q*(X). Also, we have a d operation just like over Euclidean space, defined in 


the following way: 


Definition 147 
For any w € Q*(X) and pe X, let 6: U > VMX be a parameterization of X at p (sending 0 to p). Then we 


define 


du|x = (o-*)*d(g*w). 


In other words, we use the definition of the d operation on Euclidean space, and this is a legitimate definition 


because of the functoriality argument we just made (left as an exercise to us). 


Proposition 148 


Let f : X; 4 Xz be a C~ map. Then for any w € Q*(Xz), we have f*dw = df*w. 


We showed this result for open subsets of Euclidean space, but they also hold for differentiable manifolds. 


Proof. Let f(p1) = po for p; € X1 and po € Xz. Suppose we have parameterizations ¢, : Uy; > VY, and do : Us > Vo 
centered at p; and po (from now on we'll suppress the “intersection with X,” and so on). If we pick our neighborhoods 


so that f~1(V2) D> Vy, then we have the following diagram: 


By the chain rule and the commutativity of the diagram, we know that $j f*dw = W*¢5dw, which leads us to 


dyp*bsw = doi f*w. Some more manipulation (using the definition of d and the pullback operation) gives us the 


result. 


From the definition of d, we can essentially read off the usual properties 
d(wy +W2) = dwy+dwe, d(w, Aw2) = dw, A dw2 + (—1)"w, A dw2, d(dw) =0 


(where Wy is a k,-form), because of the versions that we proved earlier on in the class. 
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27 April 11, 2022 


Last time, we discussed the definition of a (C™) differential k-form on an n-dimensional manifold (by looking at the 
tangent space T,X, the corresponding exterior algebra AK(TX), and then having w assign to each p € X an element 
Wp € NTS) in a way such that the pullback ¢*w of the parameterization at any p is a C° k-form on the corresponding 
domain, an open subset of R”). And as a reminder, in the Euclidean case, a k-form w = >> ¢;dx; is said to be C© if 
each @¢, is a C® function on U. 

We also described the pullback operation, which gives us a differential form f*w given a differential form w and aC 
map. More explicitly, recall that on Euclidean space, we did this by saying that if w = S> @;dx,, then f*w = >> f*¢, df, 
where f*@, is still a C°° function and df; = f*dx,. Parameterizations then let us generalize that definition (as we 
mentioned last time). Similarly, we saw that the d operation, which takes w = S> fjdx, to dw = S¢ df; A dx;, can be 
extended to manifolds as well. And while these definitions appear to depend on the diffeomorphism @ that comes with 
the manifold X, we can verify that the objects we define are in fact intrinsic. Furthermore, we verified that the usual 
functorial properties of these operations that we proved over Euclidean space still hold more generally. 


We'll now talk about vector fields on manifolds, generalizing our discussion on Euclidean space. the pullback 


Definition 149 
Let X be a manifold. A vector field v on X assigns to each p € X an element v(p) € T,X, and a vector field is 
C° if its pullback is C°°. 


Definition 150 
Let X be a manifold, w € Or) be a differential k-form, and v be a C™ vector field on X. Like over Euclidean 


space, let the interior product L(v)w be the differential (k — 1)-form given by (4(v)W)p = U(Vp)Wp. 


The only thing we must check is that this indeed gives us a C°° k-form: 


Proposition 151 


If w,v are C®, then so is e(v)w. 


Proof. Let @: U + V, be a parameterization of our manifold X at p. Define v# to be the pullback $*(v) restricted 


to X, and similarly let w#* = o*w|y. Then we can check that ¢*(u(v)wly) = u(vl jw 


With this verification, we are now permitted to extend the Lie differentiation to differential forms on manifolds: 


Definition 152 
Let v be a C™ vector field on X, and let w € Q*(X). Then the Lie differentiation operation is defined (just like 
on Euclidean space) as 

Lyw = di(v)w + u(v)dw 


Proposition 153 


Just like over Euclidean space, we have 


dLyw =Lydw, Ly (Wi A We) = Ly wy Awe +01 A Lywro. 
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(The same proofs carry over verbatim.) We also have an alternative definition of the Lie derivative. 


Proposition 154 


Suppose that a vector field v is complete (recall that this means there is a one-parameter family of diffeomorphisms 


f; such that for each p € X, ft(p) is an integral curve of v with fo(p) = p). Then 


d * 
Eo ar (iG) ae 


This proof is left as an exercise to us, but the idea is that for any 6 € C~(X), we have 


f'O(p) = b(1(P)) 


for an integral curve ¥:(p) with Yo(p) = p. Then because | fi dw = fiw] and | fi (wi Aw) = fw A fw | (discussed 


previously in the class), we can differentiate the first boxed equation at t = 0 to conclude the result for differential 
0-forms (that is, functions), differentiate the second boxed equation at t = 0 to conclude the result for dw given the 
result for w, and differentiate the third boxed equation at t = 0 to conclude the result for wedge products. Since every 


k-form is a sum of products of 1-forms, this proves the result. 
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We'll be talking about integration of differential forms on manifolds in the next section of this course. Our first result 


is one about “partitions of unity:” 


Theorem 155 
Let X C R™ be an n-dimensional manifold, and let U = {Ug : a € Z} be an open covering of X (where Z is some 


index set). Then there exists a family of functions p; € C§°(X), such that 


* each p; is nonnegative on X, 


- for every compact subset C C X, there is some M > 0 such that supp¢d;N C = S@for all i > M, 


- 35 p; =1 on all of X, 


- for every / € a, there is some a@ such that supp(p;) C Ug. 


Proof. For every p € X, there is some Ug with p € Ug, so that we can choose an open set Op in R containing p 
such that O, NX C Uy. If we define O = U, Op, and we let 6; € Cc§°(O) be a partition of unity subordinate to the 


covering by the Ops (here we're using the partition of unity result on Euclidean space), we can let p; be 6; restricted 


to X. Then the properties in the theorem statement can be readily verified. 


We'll also define the concept of an “orientation” on a manifold, just like over Euclidean space. Recall that for any 
one-dimensional vector space V, an orientation is a labeling of the connected components of V—{0} as Vi and V_, and 
thus for any n-dimensional vector space V, an orientation is a labeling of the connected components of A"(V) — {0} 
as A"(V), and A"(V)_. 
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Definition 156 


Let X be an n-dimensional manifold. An orientation of X Is a function which assigns to each p € X an orientation 


of the tangent space T,X. The orientation is smooth if for every p € X, there is an open neighborhood U of p 
in X and a C°%° n-form w € Q"(U), such that wg € A"(T5)4+ for all q € U. 


Example 157 
Let U be an open subset of R”. The standard orientation of U is the canonical orientation defined by the 


Euclidean volume element dx; A--- A dXp. 


If we let X and Y be oriented n-dimensional manifolds and let f : X — Y be a diffeomorphism, we can again make 
a functoriality argument: we again call f orientation-preserving if for every p € X (and corresponding gq = f(p)), the 


map (df,)* sends A"(T7)4 to A"(T5)4 (and otherwise orientation-reversing). 


Definition 158 
Let X be an oriented manifold, U be an open subset of IR”, V an open subset of X, and @ : U > V a diffeomorphism. 


¢ is an oriented parameterization if @ is orientation-preserving. 


One important note is that if U is connected but @ is not orientation-preserving (that is, it is orientation-reserving), 
we can replace the open set U with U! = {(x1,-++ , Xn): (%1,°++ . Xn-1, —Xn) € US. Then replacing @ with @¢’, defined 
via @'(xX1,°++ Xn) = O(%1,°+* ,Xn-1,—Xn), gives us an orientation-preserving map @. 

Our goal is now to define the integral Iyw for any compactly supported w € 02(X), and we'll be doing so under 
the assumption that X is oriented. We'll first do the case where w € ?(V), where V is a parameterizable open set 


of X. In that case, we choose an oriented parameterization @ : U + V, we can then define 


[o= [oe 


where we can use the definition of differentiation of forms over Euclidean space by multivariable calculus. 


Lemma 159 


The definition of fe is intrinsic (not dependent on the choice of parameterization @). 


Proof. Suppose ¢, : U; — V and ¢@> : Us — V be two oriented parameterizations. Because parameterizations are 


diffeomorphisms, we get a diffeomorphism g = ts o di, and then 
d= f (rogtu= f odw. 
Uy U; U 


But because g* is orientation-preserving (since $1, ¢2 are orientation-preserving), this right-hand side is equal to 


te sw. So the integral is indeed independent of our choice of parameterization. 


We can now define integration of forms in the general case by using Theorem 155: 
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Definition 160 
Let {V. : a € U} be an open covering of X by parameterizable open sets, and let p; € C~(X) be a partition of 


unity subordinate to the V,. Then for any compactly supported n-form w € 022(X), we may define 


[o-¥ [om 


where the right-hand side is well-defined because each pjw is supported within a parameterizable open set. 


By the last point of Theorem 155, because w is compactly supported, this sum eventually vanishes, and thus there 
are no convergence issues. And furthermore, we can check that this definition is independent of our choice of partition 
of unity — to see this, suppose U/ = {Ug} is a different open covering of X by parameterizable open sets and / is a 


corresponding partition of unity. Then by swapping the order of summation, 
D few = f pie =S foie => | oe 
7 Ix 77 Ux es 7 Ix 


showing that the definitions agree. And we can show functoriality as well: if X; and X2 are n-dimensional manifolds, 


and f : X; — Xp is an orientation-preserving diffeomorphism, then for any w € 027(X>2), we have Se ftw = Se W. 
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Last lecture, we started discussing integration of forms on a manifold X. Specifically, we said that if V is a parame- 


terizable open set in X, w € 2,(V) is compactly supported, and @: U > V is an oriented parameterization of V, then 


oar 


via the definition of integration of forms on Euclidean space and the definition of the pullback map. More generally, 


we can define 


for an arbitrary form w, we can choose a covering of X by parameterizable open sets and then forming a partition of 


unity subordinate to that covering, which then allows us to define 


[o-¥ [om 


in which we justified why this sum is well-defined last lecture. Finally, we mentioned that the functoriality properties 
of integration still hold over oriented manifolds: for any orientation-preserving diffeomorphism f : X,; — X2 between 
n-dimensional manifolds, we have te ftw = te w for any compactly supported n-form w € Q2(Xo). 

Today, we'll look some fundamental results in multivariable calculus, namely Stokes’ theorem and the divergence 
theorem, and generalize them to manifold versions. We'll start with a “model case” of Stokes’ theorem on Euclidean 


space: 


Proposition 161 
Let H” = {(%,--- ,X,) CR”: x; < 0} be a half-space of R”, then R77! = {(x,--+ , Xp) : X, = O} (identified 
with the inclusion map dpr-1 : (X1,°°° | Xp—1) 2 (%1,-°°* , Xp-1, 0) Is its boundary bd(HI”). Then for a compactly 


supported (n — 1)-form w € Q2-1(R”), we have 


dw = Lign1W) 
n R-1 
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This proof is left as an exercise for us — the idea is that for any / > 1, ten S dx: --- dx, = 0 by integration by 


parts, while for / = 1 we have 


f 
Lr = f(0, Xo,+++ | Xp)dXo-+- dXp. 
HH" Ox, 


We'll now generalize this as promised: 


Definition 162 


Let X be an n-dimensional manifold. An open subset D of X is a smooth domain if for every p € bd(D), there 


exists a parameterization @ : U — V centered at p such that ¢ maps UNM H” diffeomorphically onto VM D. (This 


is called a D-adapted parameterization. ) 


In other words, every point on the boundary of D looks locally like a point on the boundary of the half-space HI”. 


We can notice a few important facts: 


- If Dis asmooth domain and Z = bd(D), then because Bd(H”) is isomorphic to H”~?, from the parameterization 
@ we have a diffeomorphism UM R’-1 onto VN Z. In other words, Z is a submanifold of X, and @: UNR™! > 
VM Z is a parameterization of Z at p. 


« Assuming now that X is an oriented manifold, we can assume that @ is an oriented parameterization (otherwise 
do the trick from last time, where we replace U with U! = {(x1,--+ , Xn) : (X1,°-* , —Xn) € U} and use the map 
@'(X1,°°+ Xn) = O(%1,°°* ,Xp-1, —Xn) in place of @). We then find that the map ¢: UN R™! 3 VNZ is 
orientation-preserving. This is in fact an intrisic property: if @; : U; — V and do : U2 > V are two oriented 
D-adapted parameterizations, and f = o>" o @;, then we get an orientation-preserving map of U; MH” onto 
Us HH", so if ¢, : Uy NH” Is orientation-preserving then so is go : U2 MHI”. 


Theorem 163 (Stokes’ theorem on manifolds) 


Let X be an n-dimensional manifold, and let w € Cue C.Or Let D be a smooth domain, and let Z be the boundary 


of D. Then 


[ew] dw. 
ZZ D 


Proof. Recalling the definition of integration of forms on manifolds, by a partition of unity we may assume that 


w € 2"2-1(W), where W is a parameterizable open set satisfying one of the following three properties: 
»-WnD=2, 
«WC iInt(D), 
+ there exists a D-adapted parameterization @ : U > W, in particular meaning that 6(UN H”"1) 3 Wn Z. 


In the first case, both sides of Stokes’ theorem are zero. In the second case, if ¢ : U — W is an oriented 


parameterization, then because d commutes with the pullback map, 


paw v= | edu= | agw=o. 
D Int(D) U U 


[w= du = | dd*w, 
D H" H® 


Finally, in the third case, we have 


49 


and on the other hand we have 


LsW = LpriP W, 
Zz R-1 


So now we can just apply the Euclidean version of Stokes’ theorem to get the desired result. 


We also get a simple but important corollary: 


Theorem 164 (Divergence theorem) 
Let X be an n-dimensional manifold, and let v be a C® vector field on X. If w € 22(X), then u(v)w € Q2-1(X) 


and Lyw € Q2(X) are well-defined. Then for any smooth domain D, we have 


[eo = fon. 


Proof. Recall the definition of Lyw = u(v)dw + di(v)w. Applying Stokes’ theorem gives us fp, du(v)w = fz L(v)w, 


which implies the result. 


In particular, formulating this result over Euclidean space gives us the ordinary divergence theorem. 


30 April 20, 2022 


Today, we'll extend the discussion of degree theory to oriented manifolds, starting with an important generalization: 


Theorem 165 (Poincaré lemma for manifolds) 
Let X be an oriented, connected n-dimensional manifold, and let w € 2(X). Then the following are equivalent: 
ie, 


2. w = du for some pw € 22-1(X). 


The above result can be restated in an alternate formulation: if wz,W. are both compactly supported n-forms on 
X, say that wy ~ we If Wy — Wo € dor-tX). Then Theorem 165 is equivalent to saying that wy, ~ Wo if and only if 
Sx 1 = Jy 2: 

Notice that Stokes’ theorem on manifolds already tells us that the second property implies the first, so we just 
need to prove that if fw = 0, then we can write w = du. Also, we can fix some parameterizable open set Up C X, 


and let Wo € 22(Up) be an n-form compactly supported on Up. Then we may equivalently prove the following: 


Theorem 166 
Let X be an oriented manifold, let w € Q2(X), and let wo € Q2(Up) be compactly supported on a parameterizable 


open set Up of X. If w € 22(X) and fw =c, then w ~ cw. 


Proof. By the definition of integration of forms, we can (using a partition of unity) assume that w € ?2(U) for some 
parameterizable open set. Additionally, if c = 0, then Jy = 0 implies that w € dQ?2-1(U) (here we’re using the 
Poincaré lemma on R” by applying the pullback map), meaning that dw ~ 0. Otherwise, if c 4 0, replacing w 
with & allows us to assume without loss of generality that f,)w = 1. 

The main step of the proof from here (which should look familiar) is to choose a sequence of parameterizable 


open sets U;,--- ,Uy, so that Uy = U and U;N Uj_-1 = @ for all / (including i = 1). Then for each /, pick an 
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wi € OQR(U;-1 M Uj) such that fwi = 1. Since Uj_; is always a parameterizable open set, wj_1 ~ w; for all / (since 


they have the same integral), and additionally w ~ wy. Thus wo ~ Wy ~ Wo ~ +++ ~ Wy ~ Ww as desired. 


Definition 167 


Let X and Y be oriented connected n-dimensional manifolds, and let f : X — Y be a proper C® map. Define the 


degree of f to be the topological invariant such that for every w € 02(Y), we have J, f*w = deg(F) fy w. 


To check why such a topological invariant exists, suppose we choose some wo € 02(Y) such that i Wo = 1, 
and define deg(f) to be i f*Wo. Now suppose that fe = c. Then by the variant of the Poincaré lemma above, 


W ~ CWo, Meaning that w — CWo = du for some w € 22-1(Y). Applying the pullback map, we find that 
[re- cf fue, 
which leads us to the assertion { f*w =degf fw. 


Proposition 168 
Let X,Y, Z be oriented n-dimensional manifolds, and let f : X — Y and g : Y > Z be proper maps. Then 


deg(go f) = deg(f) deg(g). 


Proof. We've seen this result before for Euclidean space, and the same proof works: for any w € (22(Z), we have 
(go f)*w = f*g*w, so deg(go f) [pw = fy (go f)*w = fy frg*w = deg(f) fy g*w = deg(f) deg(g) J, w. 


We'll now explain the stack of records theorem, which should again look familiar. Let f : X — Y be a proper 
map between oriented manifolds, and let g € Y be a regular value of f, meaning that the preimage f—1(q) is a set 
{pi,:::, Pn} and there exist disjoint neighborhoods U; of p; and V of q such that each fj : U; > V is a diffeomorphism 
and f-1(V) =UN, Uj. Choose w € 22(V) with fiw =1. Then 


| ee) f?stiw, 
xX i I 


and because each fj : Uj + V is a diffeomorphism, f,, f*w will be either 1 or —1 depending on whether f is orientation- 


preserving or orientation-reversing. Thus we again get a formula for the degree: 


Theorem 169 


Let f : X + Y be a proper map between oriented manifolds, and let q be a regular value of f with preimage 


{P1,°-- , Pw}. Then deg(f) = 93; op,, where ap, is 1 (resp. —1) if the map f above is orientation-preserving (resp. 


orientation-reversing). 


Furthermore, we have the same homotopy invariance that we previously discussed (which explains that we indeed 


have a topological invariant): 


Proposition 170 
Let fo, f, : X — Y be two C™ proper maps, and let F : X x [0,1] — Y be a proper homotopy between fo and f, 
(meaning that F(x,0) = f(x), F(x,1) = fi(x) and we have a proper C® map). Then if the map f; is defined 


via f(x) = F(x, t) for all x, then f; is proper, and for a compact set A C Y, there exists a compact set B C X 
mith te ANC iB. 
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(The relevant ideas here are the following: let 7 : X x [0,1] > X be the projection (x, t) + x. Then there exists 
a compact set B in X such that ey, C B, because the fs are proper maps.) And because the result above tells us 


that the degree of any proper map ft is always an integer, and the degree is continuous, we have the following result: 


Theorem 171 


If f9 and f, are properly homotopic, then deg(fo) = deg(fz). 
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We reviewed and generalized the definition of degree last lecture — for a proper C° map f : X — Y between oriented 
connected n-dimensional manifolds, we found that there was an invariant deg(f) such that te fiw = deg(f) fy w for 
all compactly supported n-forms w € 922(Y). We also established some familiar properties of this degree, namely that 
deg(g 0 f) = deg(f) deg(g), that the degree is homotopy invariant, and that we can calculate the degree of a map 


f via the “stack of records theorem.” The latter result basically states that if g is a regular value of the map f with 


preimage {p1,--- , pw}, then we can associate to it diffeomorphisms f; : U; > V between (disjoint) neighborhoods of 
p; and q for each / (with the condition that f-1(V) = ides U; for the purposes of the proof). We then have 
deg(f) = S- Op; 
i 


where each gp, is 1 or —1 depending on whether f; is orientation-preserving or orientation-reversing (and recall that 
this proof came from the fact that for any w € Q2(V) with f,w = 1, we have deg(f) = fy ftw = do; fy fw). We 


can apply these discussions of degree to the extendability problem (left as an exercise to us): 


Proposition 172 


Suppose ™ is an oriented n-dimensional manifold, D CG M be a smooth domain with compact closure, and 


X =Bd(D). Then if f : X — X is a proper map, then f cannot be extended to a proper map on D, because any 
extendable map has deg(f) = 0. 


We'll discuss another application of degree theory today, index theory for vector fields. 


Definition 173 

Let D be a smooth domain in R” such that D is connected with compact closure. Let X = Bd(D), and let v be 
a C& vector field on R” such that v(p) 4 0 for all p € X. From this map v, we get a map X > S"~! sending 
p to mon (Notice that X and S"~+ are both compact (n — 1)-dimensional manifolds). The index of v over D, 
denoted ind(v, D), is then the degree of the map g. 


Theorem 174 


Let D, be a smooth domain in R” whose closure is contained in D. Then if v has no zeros in D \ Dj, then 
ind(v, D) = ind(v, D;). 


Proof. Let W = D\ Dy, and notice that the map fy : OD > S$"! extends to a map F : W > $+ (given by 
pr ae. We may write OW = X UX, where X = Bd(D) and X; = Bd(D;) with its orientation reversed (it’s good 
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to draw a diagram for this). Now choose a differential (n — 1) form w € Q"~1(S"~+) such that f.,.w = 1. Define 
the maps fo = fy and f, = (f,)y to be the restrictions of F to the two boundaries X and X,. By Stokes’ theorem (in 


the last step below), and the fact that dw = 0 (it's an n-form on an (n— 1)-dimensional space), we find that 


o- | Faw = | dFw = | fu | fw = deg(f) — deg(fi). 
Ww Ww x Xi 


Thus the degrees of the maps f and f; are equal, meaning that the index of v over D and over Dy are identical. 


Using this result, if we now assume that v only has a finite set of zeros {p,,--- , px} over its domain D, then we 
may let B(p, €) denote an e-ball around p, and we can let D° = D\UE B(p;,€). Our map g above will then extend 
toamapG: ea — §"~1 (on which p still maps to eh and the boundary of Dp is the union X and the boundaries 


of the balls B(p;,€). Thus, putting everything together, Theorem 174 gives us the following index theorem: 


deg(g) = SV ind(v, B(pi,€)) => |ind(v, D) = S- ind(v, pj) |. 
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We'll spend the last few lectures of the class on the last chapter of the textbook, discussing de Rham theory. We'll 
start today with some basic definitions — recall that for a manifold X, OX) is the set of C® k-forms on X, and 


Q(X) is the set of compactly supported C® k-forms on X. 


Definition 175 


Let X be an n-dimensional manifold. Define the vector spaces 


A re Oa 0 es (Xe i ea x 


Analogously, we may define Zk(X) = {w € Q(X) : dw = 0} and BK(X) = {w € OK(X) : we dOK-1(X)}. 


In particular, we can note that B*(X) C Z*(X) (because of exactness, coming from the fact that d = 0), so the 


next definition also makes sense: 


Definition 176 
The kth de Rham cohomology group of X is given by HK(X) = Z*(X)/B*(X), and analogously we also define 
HE(X) = ZE(X)/BE(X). 


Our goal will be to understand these objects and to understand methods for computing the cohomology groups. 
We'll use the notation that for any w € Z*(X), [w] is the image of w in H*(X) (and similarly for the same statement 


for compactly supported forms). 


Proposition 177 


We have the following facts: 


1. If X is connected, then H°(X) =R. 


2. If X is n-dimensional, then H*(X) = HK(X) =O if k>nork <0. 


3. If X is connected and oriented, then Z2(Q) = Q2(X). 
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Proof. For (1), because a 0-form on X is a C® function and d of a function on a connected X is only zero if it is 


constant, H°(X) must consist of the set of constant functions. (2) follows from the fact that we only have nontrivial 


k-forms for 0 < k < n. Finally, (3) holds because dw of any n-form is zero, so all n-forms work. 


If we now think about the integration operation i : O2(X) — R, sending a form w to fe w, then recall that we've 
previously proved that 
we dQr h(x) => - w=0. 
x 


Quotienting out by B2(X), we thus get a bijective map between H?(X) and R in this case (by associating to each 


form its integral on X). 


Proposition 178 


Let U C R" be an open rectangle. Then for all k > 0, H*(U) = {0}. 


(This was on our homework, in which we proved that every form w € Z*(U) is exact.) 


Proposition 179 


Let U C R” be an open rectangle. Then for all k < n, HK(U) = {0}. 


(This was actually also on our homework — we proved that if w is closed, then w = du for some w € QK-1(U), so 
in fact Z*(U) = BK(U).) We'll next discuss the Poincaré lemma for manifolds: let X be an n-dimensional manifold, 
and at a point p € X let 6: U > V be a parameterization sending 0 to p. We may assume (by restriction of @) that 


U is an open rectangle. Then if a € Z*(X) for some k > 0, and ao is @ restricted to V, then 


da =0 day = 0 do*ao =0 = > ap = (¢"')*dB = d(¢7')*B, 


and thus a restricted to V is an element of B*(X), because it’s d of a (k — 1)-form. Thus H*(V) = 0 for all k > 0, 
and thus every closed k-form, restricted to an open set, is exact. Now that we've discussed some local results, 


we'll turn to global ones: 


Theorem 180 


For the sphere S”, we have H°(S") = H(S") = R and H*(S") =0 forO<k <n. 


Proof. Because S" is compact and connected, we've already proved that H°(S”) = H"(S") = R from our earlier 
remarks. It now suffices to consider the situation for 0 < k < n. Let po be the point (0,0,--- ,0,1) € S”, and let 
7: S" — {po} > R" be the stereographic projection, meaning that for any point gq € S”, we draw a line between po 
and q and consider where it intersects the hyperplane R” x {0} in R’++. This is a bijective map (since for any point 
in IR” we can draw a line between it and po, and it will intersect the sphere at one other point qg besides po). 

Now for any a € Z*(S"), there exists a neighborhood V of p and some B € Q*-1(V) such that a = dG on V (by 
our discussion above for parameterizable open sets V). Letting p € C§°(V) be a “bump function” such that p = 1 on 


a neighborhood of p, we can then replace a with @ = a — dpB, meaning that 
& € NE(S" — {po}) = 25(R"). 


In particular, & = dB for some B € QK-1(S" — {po}). If we then write 6 = p8 +6, we find that dé = a, so 
a € Bk(S"). Therefore we mod out Z*(S"”) by itself and thus H*(X) = 0. 
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We'll close by thinking about functoriality of these groups: if X and Y are C® manifolds, and f: X — Y isa C® 
map, then we have a corresponding map f* : Q*(Y) + Q*(X). Since f*dw = df*w< we find that we also get maps 
f* : ZK(Y) + Z*(X) and BkK(Y) — B*(X). We thus get an induced map 


fl. HK(Y) @ H*(X) 


between the kth de Rham cohomology groups of X and Y: specifically, the map sends f"[w] to [f*w]. In addition, if 
f : X + Y isa proper map, then preimages of compact sets are compact, sow € QK(Y) => f*w € Q(X). Thus, 
even within the compactly supported forms, we also get a map f# : Hk(Y) > HK(X), again sending [w] to [f*w]. 
We'll be making use of these facts in the coming lectures, and next time we'll show that these cohomology groups are 


finite-dimensional as long as X is comacp. 


33 April 27, 2022 


Last lecture, we started introducing de Rham theory: recall that the de Rham cohomology groups of X are defined in 
terms of the d map d : Q*(X) — O**1(X) on k-forms of X. Specifically, if Z*(X) is the kernel of the d map, and 
Bk+1(X) is the image, then we define H*(X) = Z*(X)/BK(X) (and also similarly define a version of this for compactly 
supported forms). The notation we'll use, going forward, is that [w] denotes the image of a form w € Z*(X) (resp. 
Z#(X)) in H«(X) (resp HE(X)). 

We'll start to understand some techniques that can be used for computing these groups, starting with the Mayer— 


Vietoris theorem. 


Definition 181 


Let C!,C?,--- be vector spaces, and let d; : C’ + C't+! be maps between those sequences (we will often just 


denote these maps as d to simplify notation). We call the sequence C° , C1 4, C2... is called a complex if 


dj41 0 dj = 0 for all /. 


Example 182 


Because d* = 0 for the d map we've been discussing, we have the de Rham complex 
Oe OC oC Oat 


ee d d 
as well as a similar complex for compactly supported forms 0 > 02(X) > Q1(X) > 22(X)--- 


We may also discuss morphisms between complexes: 


Definition 183 


lf CK, d and Ck, d form two different complexes, then a morphism between the complexes is a map a: Ck 5% ck 


such that da = ad. 


In other words, we can imagine writing out our complexes in two rows and having a be maps from the top to the 


bottom. Then the “squares” in the diagram will commute: 
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0 d 1 d 2) d 
Ci Ci CT donee 


(a ee 


d d d 
ce > C4 > C3 — 


We'll now explain the general abstract definition of a cohomology group: 


Definition 184 
If C,d is a complex, then the kth cohomology group H“(C) of the complex C is given by defining Z' = {c € 


C'-de—O) and Ba, =oG' and setting A"(C)—= 2/8", 


In particular, a morphism of complexes will induce a map a : HK(C,) + H*(C) (we can check that this is indeed 


well-defined even though we have quotient groups because d and a@ commute). 


Definition 185 
Let Yo,Vi,--- be a sequence of vector spaces, and let a; : Vi + Vii be maps between those spaces. The sequence 


YW =, Vy nai Vo —--- is exact if kera@; = im aj;_, for all 7. A short exact sequence is an exact sequence of the 


form {0} > Y= Vy ™ Vy > 0 (meaning that ar is injective, a is surjective, and ker(a2) = im (a11)). 


With all of this notation, we’re now ready to discuss the main result of today’s lecture. Here's the setup: let 
{0} 4 Cc! 4 C2 4... bea complex for r = 1,2, 3 (meaning that d? = 0), and suppose that 0 > CK 4 ck 4 CK 40 


is a short exact sequence for each k, meaning that the image of each / map is the kernel of the / map. Then we may 


draw the following commutative diagram (which extends further both up and down): 


C—4 0 ate ee > 0 
Ie [e le 

0 > Cf Ge ey > 0 
[e [e le 

Geet et = +0 


Then defining Zk = {c € CK : dc = 0} and BK = dCk"! for each k, r, we find that i(Bf) C BS and i(Z*) C ZK 
(because / and d commute), giving us an induced map i : H*(C1) + H*(C2). We similarly get an induced map 
Jy: H*(C2) — H*(C3). We may check that ker jy = im ij, meaning that H*(C;) 4, H*(Co) A Hk(C3) is exact. It 
turns out to not be short exact (we can’t append a 0 to the beginning and end of it and still have exactness), but we 


instead have that the following diagram commutes: 


0 0 


eb 


k+1 i k+1 Jj k+1 
Ce er 


fe & 


ene 


We may check (by exploring the implications of this diagram) that we then get a correspondence between an 
element ck € Z% and an element ci‘** € Zi*", so we induce a map 6 : Hk(C3) + H*+1(C;), known as the coboundary 


map. We then get our result: 
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Theorem 186 (Mayer—Vietoris) 


With the notation above, we have an exact sequence of the form 


ese) Se eee ae i) ee et 


The proof of this requires a lot of commutative diagram chasing (keeping track of exactness and images and 
kernels), but we can read about it on our own. And while this sequence does, in principle, extend infinitely, recall 
that we've demonstrated that the H* cohomology groups are eventually zero for finite-dimensional manifolds, so the 


sequence is only interesting within a finite range. 


Corollary 187 
Let X be a manifold, and let U, and U2 be open sets in X. If we let Cf = Q*(U, U U2), CE = OK(U1) 6 OK(U2), 
and Ck = Qk(U, MUS), then we (may check that we) get short exact sequences 0 > Ck ++ Ck 44 Ck — 0, where 


/ is essentially restriction of a k-form on U; U Us to U; and Us and Jj sends Ww; @ Ws to the difference of w, and 


Wz on U;M Uz. Then we get along exact sequence of cohomology groups 


++ Sy EUs U Ua) > (UL) © HU) 4s (Us 9 Ua) > (Uy U U2) 4 


and also a similar result for compactly supported cohomology groups. 


In particular, this often allows us to calculate the cohomology groups for U; U U2 in terms of the cohomology 
groups of U;, Uz, and U,M Up. 


34 April 29, 2022 


Last lecture, we described the Mayer-Vietoris theorem, which in particular gives us an exact sequence involving de 
Rham cohomology groups of U;, U2, Uy M U2, and U; U U2 (where U; and U2 are open subsets of an n-dimensional 
manifold X). More explicitly, if we let i : Q*(U, U Uz) + Q*(U,) @ Q‘(Uz) be the map which sends a k-form w on 
U; U Up to the direct sum of the w restricted to U, and Up, and we let j : Q*(U,) B QK(Uz) 4 Q*(U,) NQK(U>) be the 
map that sends (Wi, W2) to wi|u,au. — W2|U,nu,, then we satisfy the requirements on the large commutative diagram 
that we drew last time, namely that dj(w1,W2) = j(dw 1, dw2) (that is, d and j commute), di(w) = idw (that is, d 
and / commute), and composing the / and j maps gives us a short exact sequence. We'll reproduce that diagram here, 


but now in terms of the Q; spaces instead of vector spaces C* from general complexes: 


0 ——> OF*1(U, U Uz) —+> **1(U,) @ AKT1(UD) eae O*+1(U, MN Uz) ——> 0 


P F Ik 


0——- > OF, Us) —"— > Oe OU) —2 > OU, Fs) —_=> 0 


iy le ii 


0 ——> Q1(U, U U2) —2> 24-1(U,) @ AA-1(U) ee Qk-1(U, A U2) —— 0 


From here, “diagram chasing” lets us convert this commutative diagram into a statement about the H* cohomology 


groups, namely that we have a long exact sequence 


5s HKCU, U Up) 4s HE(U1) © AKU) 2s HE(Uy U2) & HEU, U U2) 4, 
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where the sequence continues on between cohomology groups of U; U Us, then of the direct sum of the groups for U; 
and U>, then of the groups of U; M U2, incrementing the index k. 


Today, we'll see some applications of the Mayer-Vietoris theorem: 


Theorem 188 


Suppose U is a convex open set in R”. Then H°(U) = R and H*(U) = 0 for all k > 0. 


Proof. Fix some point Po € U, and for each t € [0, 1], let f; : U > U be the map 
f,(p) =(1—t)p + tpo. 


This map is well-defined because U is convex, and we may notice that fo(p) = p is the identity map, while f,(p) = po 
is the constant map. This gives us a homotopy between the two maps, and thus by homotopy invariance, we get an 
induced map fi : HK(U) + HK(U) independent of t. Thus the cohomology groups of a convex set must be the same 
as those of a point, which can be checked easily to be H°9(U) = R and H*(U) = 0 for all k > 0. 


Definition 189 


Let X be an n-dimensional manifold, and suppose U = {Uy : a € TZ} is a covering of X by open sets (for some 


index set Z). Call U a good cover if for every finite subset a1,--- ,a, €Z, Ua, N--: Uy, is either empty or 


diffeomorphic to a convex subset of R”. 


This is basically a “niceness” condition, and it in particular requires the Uas to each be diffeomorphic to a convex 
subset of R”. 


Example 190 
Suppose X is an open subset of R”, and for every p € X, let Up be a convex neighborhood of p. Then {U, : p € X} 


is a good cover (because the intersection of convex sets is convex). 


We'll now generalize the notion of convexity on Euclidean space to an analogous version for manifolds, remembering 


that we always assume in this class our manifolds are subsets of R% for some large N: 


Definition 191 
Let X C R” be an n-dimensional manifold. For any p € X, let TpX be the tangent space of X at p, where we 
view T,X as a subset of T,R” =R". Then let L, be the set 


oo Vee Ti 


Let 1p: X — Lp be the orthogonal projection of X onto the (affine) hyperplane Lp. Then an open set U in X is 


convex if for every p € U, mp maps U bijectively onto a convex open set in Lp, (which we can view as equivalent 


to Euclidean space). 


(In particular, in the definition above, if X is a one-dimensional manifold, we can think of Lp as the literal tangent 


line to X at p, and more generally we can imagine the hyperplane formed by all tangent vectors at p in R™.) 
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Proposition 192 


Let X be a manifold as in the above definition, and for each p € X, let B-(p) be an open ball of radius € in Lp. 


Then for any p € X, we may always pick a small enough € such that m(B,(p)) is convex. 


This result is left as an exercise to us, but the idea is to let Up = 15*(Be(p)) and notice that (Up) is very 
close (for small €) to the original copy B,-(p). And the idea is that a small enough perturbation of a convex set is still 


convex, but we won't write out the details. We also have the following result: 


Proposition 193 


If Uy; and Uz are two convex open sets of X, then U; M U> is also convex. 


(This basically follows from the fact that if ,(U1) and 7,(U2) are convex in L,, then so is their intersection.) 
This discussion of convexity can then lead us to the following result (by taking the B,(p)s for each point p of small 


enough € so that each one is convex in X): 


Corollary 194 


Every manifold admits a good cover. 


Definition 195 
A manifold has finite topology if it admits a finite good cover {Uj,--- , Um}. 


Our next few lectures will be to explore the following idea: suppose we have a finite good cover {U;,--- , Um} of 
a manifold X. We'll see that the cohomology groups of X can be read off from intersection properties of the Ujs, 
and that will give us a concrete way to compute the groups H*«(X). (This is known as Cech cohomology, and it will 


turn out that that theory will be isomorphic to de Rham cohomology theory.) 


Theorem 196 


If X admits a finite good cover, then dim H*(X) < oo for all k (all cohomology groups have finite dimension). 


To show this, we first mention a lemma which we can prove as an exercise: 


Lemma 197 


Suppose Vy = Vo Lett V3 are linear maps such that im a = ker GB. Then if VY and V3 are finite-dimensional, then so 


iS Vo. 


Proof of Theorem 196. We induct on the size of the good cover. The base case m= 1 is clear, because then we can 
use our convexity results from above. For the inductive step, if we have a good cover consisting of {U;,--- , Um—1} and 
Um, the inductive hypothesis tells us that the cohomology groups of U; U---UUm-_1, Um, and their intersection are all 
finite. Now we can apply Mayer-Vietoris and Lemma 197 to show the result (each cohomology group of U; U--- UU, 
is surrounded by two finite-dimensional spaces, and we have exactness at that group because it’s part of a long exact 


sequence). More explicitly, we have exactness 


HE? (Uy Us Up) 91 U,) > AE(U Us U Ug) > AS (Uy U +++ UU) @ (0), 
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and now because U,U---UU,_-1, Un, and (U;U-+--UU,-1) MU, all admit good covers by at most (n—1) open sets (for 
the latter using the open sets U; MU, for 1 < i < n—1), all of the other cohomology groups except H*(U; U---U Un) 


are finite-dimensional and thus the middle one is as well. 


In the coming lectures, we'll see how to use Mayer-Vietoris more explicitly and get a formula for these cohomology 


groups! 


35 May 2, 2022 


Today's lecture will work towards connecting de Rham cohomology (involving the exterior d operation) to the new 
theory that we started exploring last time, Cech cohomology. Recall from last time that this connection was introduced 
in the following way: a good cover of an n-dimensional manifold X by a family of open sets U = {U, : a € T} is 
a covering where any finite intersection of the Uys is either empty or diffeomorphic to a convex open set of R”. 
We showed last time (by Mayer-Vietoris) that if X admits a good cover by a finite collection of open sets, then all 
cohomology groups H*(X) are finite-dimensional. This then motivated us to think about studying cohomology via 


intersection properties of the Ugs, and we'll start that construction today. 


Definition 198 
Let U = {Uj, Uz,--» , Uy} be a good cover of X, and let N* be the set of all multi-indices / = (ip,--- , ik) € 
{1,--- oN such that U; = U;,M--- U;, is nonempty. The nerve of a cover U is the collection of sets 
N°, N21, N2,---. 


Definition 199 
The set of Cech cochains C*(U,R) is the set of maps c : NK > R, and the Cech coboundary map is a map 
6: Ck-1(U, R) = C*(U, R) defined as follows: for any c € Ck—1(U, R) and any / € N*, we have 


k 
bc) — el) a) 


r=0 


where /; is the multi-index obtained from / by deleting the index i, (that is, the (r + 1)th index). 


Proposition 200 


The'map66 -C*-! = C*"" is the zero map. 


Proof. By applying the definition twice, we have (carefully keeping track of indices, having c € ce! and i¢ NET? 


k+1 k+1 
d5c(1) = §“(-1)’6c(I-) = So (Hewes “ Seyey tr.) ; 


r=0 r=0 \s<r s>r 
with the two cases coming from the fact that indices after r get shifted by one in /, compared to /. But then each 
I, shows up once in each subsum with opposite (—1)” prefactors, meaning that everything cancels and we indeed 
get 0. 


This implies that we have a complex 


0 > €(U,R) > C1(U,R) > C2(U,R) >, 
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and we can now finally define Cech cohomology groups: 


Definition 201 
The kth Cech cohomology group of an open covering U of X is given by 


AK(U,R) = (ker dé : CK > CK) / (im 6: C+ 3 CK). 


Our goal in this last section of 18.952 is essentially to prove that 
A(U, R) & H*(x) 


(in other words, that the Cech cohomology group and the de Rham cohmology groups are isomorphic). Before that, 


we'll need to make a generalization of these cochains: 


Definition 202 
A Cech cochain of degree k with values in 9 is a map c which assigns to each | € N‘ a &form c(/) € 22(U)). 


The set of Cech cochains of degree k with values in Q£ is the vector space CK (U, 2), with addition given by 
pointwise addition: for any cy, @ € C*(U, 2), c, + @ is the cochain which sends / to c,(/) + @(/). We also get a 


generalized coboundary map: 


Definition 203 
Let / € N‘. For any 0<r<k, define the restriction map 


a OU) OU) 


(this makes sense because U; is contained in U;,). Then define the coboundary map (mimicking the definition 


above) by setting 


k 
5e(N) = S3(-1) tre) 
r=0 


for any c € CK-1(U, 0) and | € NE. 


We may check that 66 = 0 for this more general definition, using basically the same proof as Proposition 200. We 
can now start computing cohomology groups by looking at small k: a c € C°(U, 2) is a map that assigns to each 
1<is<WN an element w; € O(U;). From the definition, we see that dc = 0 if and only if 


wiluinu, — Wjlujnu, =9 Vis) € Nt 


In other words, the kernel of the map 6 : C°(U, 24) > C1(U, 2) is 22(X) itself (the set of forms that can be defined 
consistently on all of the Ujs at once). Next time, we'll extend this to see that we in fact get an exact sequence of 
the form 

6S OXY SOO) SAW, Wyse 


and see how that leads us to the isomorphism we're after. 
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36 May 4, 2022 


Last lecture, we defined the Cech cohomology groups H*(U,R) (where U = {Up,--- , Ux} is a finite open cover of 
a manifold X). The motivation for this cohomology theory is that it is easier to compute the Cech cohomology 
groups from the definition than the de Rham cohomology groups — recall that if N* is the set of all multi-indices 
(io,-+* ik) © {1,-++ , N}K such that U,M---NU;, is nonempty, then Cech cohomology is defined in terms of the Cech 
cochains C(U,R) (the maps from N* to R) and the Cech coboundary map dc(/) = Spy eh). We showed 
that 66 = 0, forming a complex 0 > C°(U,R) > C1(U,R) > ---, and that gives us the Cech cohomology groups 
AK(U,R) = (ker 6 : CK 3 CK+1)/(im 6 : C1 3 CF). 

Today, we'll explain why the H* and H* cohomology groups are in fact the same. Last time, we generalized 
Cech cochains to take values in 4 (for some integer £) — such cochains are maps c that assign to each multi-index 
| © NK an element c(/) € Q4(U,). The sets C*(U,*) are vector spaces, and we defined a generalized 6 map 
dc(/) = a ye) (where ¥, is the restriction map of a form from U;, to U;). Since 6% = 0 here as well, we 
are now motivated to consider the cohomology groups associated to this complex (of cochains with values in 4). 

Last time, we mentioned that an element c € CU, OQ) is a map that assigns to each index 1 <i < N an &form 
we € O*(U;). Furthermore, dc = 0 for such a map if and only if for every (i,j) € Nt, yic(/) — yc(i) = 0, meaning 
that there is some unique £-form w € Q(X) such that w restricted to each Uj is w;. Thus the kernel of the map from 
C€°(U, 24) > C1(U, O) is the set of all differential k-forms on X, Q4(X). Inserting this into the complex, we now 


arrive at the result from the end of last lecture, which is that we have a sequence 


03H Oo 3 C104 42. 


Theorem 204 


The sequence above is exact for any @. 


Proof. Let $; € C§°(X) be a partition of unity, such that the support of ¢; is contained in Uj for each /. Define the 
map Q: C*+1(U, 0) — CK(U, O*) (notice that this lowers the order k instead of raising it like 6 does) via 


N 
Qc(I) = do dicli, 1), 


i=1 
where we extend each ¢;c to be zero outside Uj; MN U;. We may check that (Q6 + 6Q)c(/) = c(/) for any /, and now 
if we fix k, we can define the map d : CK(U, 2°) = Ck(Q**1) via de(/) = d(c(/)). Since d? = 0 on forms, we thus 
get a valid complex 


CA, 2°). C8, 0") SC, OF) See: 


via the d map. Additionally, because 0-forms c(/) are elements of C®(U,), dc(/) = 0 if and only if c(/) is a constant, 
and thus dc = 0 if and only if c € CX(U,R). Thus we get an exact sequence 


0 C*(U,R) + CA(U, 2°) = CA(U, 91) a, 


because if dc = 0 forsome c € CK(U, 2), then c(/) € 24(U,) must be closed for any /, and because U is diffeomorphic 
to a convex open set (by definition) we have c(/) = dc(/)’ for some c(/)’ € Q2-1(U,). (This implies that the image 


of one d map is the kernel of the next.) 


It is now left as an exercise to check that the d and the 6 maps in fact commute, meaning that for any c € C*(U, OQ) 


62 


we have déc = édc (this can be checked from the definitions). From all of the properties we've verified, we thus get 


a commutative diagram of the following form (where empty arrows are basically inclusion maps): 


d d d d 
0 — > 92(x) —> ©(U, 92) 25 €1(U,92) 24 €2(u,92) 25 
al at a} d 
0 —> 21(x) —> CU, a1) —25 CU, 91) —25 C(u,91) 25 
al a ei d 
0 ——> 29(xX) — > CU, 2°) —24 CU, 2°) —24 €2(u,29) 25 
0 ——+ © (U,R) —2> © (U,R) —25 €(U,R) 5 
0 0 0 


In this picture, everywhere except the blue column and row is exact, and those columns and rows are the de Rham 
and Cech complexes that we've defined in the last few lectures. Such a diagram therefore allows us to convert a form 
c € OK+1(X) such that dc = 0 to a cochain ¢ € C*+1(U, R) such that 6& = 0, by basically making a sequence of 
right-down-right-down moves between the left row of Qs and the bottom column of Cs. This shows that whenever 
X admits a good cover, H* and H* indeed agree. 
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